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Formal Verification via Successor Semantics

The Absolute Ground for AI beyond Gödel-Turing Limits and
Tarskian Truth
Abstract

This paper presents the Ascendant Route proof, a Lean kernel-verified construction
establishing both the necessary existence and uniqueness of the entity Ω within
a world-indexed S5 modal framework. Ω is identified as the Absolute Ground, the
unique non-derivative terminus required for intelligible contingent reality.
The philosophical foundation of the argument is the Constitutive Triad of grounding,
termination, and meta-logical closure (A1/A3/A5). The argument begins from intelli-
gible contingent obtaining (ICO, §2.1.1): contingent reality obtains as modally deter-
minate, truth-apt, inferentially stable, and contrastively distinguishable. Any architec-
ture preserving this explanandum must therefore realize the functional equivalents of
the Triad.
Structurally, this is analogous to a compiler, whose coherent operation requires res-
olution, termination, and semantic preservation. Remove any one of these functions
and the resulting system no longer preserves semantically coherent output. Likewise,
a constitutive world-architecture that removes grounding, termination, or closure no
longer preserves ICO.
The successor-based grounding architecture models grounding as a process in which
each successor step reduces the remaining ungrounded complexity. Because that com-
plexity cannot decrease indefinitely, the process terminates at the unique state Ω. This
formal structure is the S-Machine. Lean 4 verifies this termination structure, while the
world-indexed modal route verifies necessary Ω-existence, necessary uniqueness, and
rigid identity from its explicit context. Perfection is characterized after the grounding
structure has fixed Ω as the unique non-derivative terminus (see Corollary 6.2). The
paper’s philosophical conclusion is direct: God exists necessarily and uniquely.
The resulting framework is philosophical before it is computational. Its primary claim
concerns the ontological conditions under which contingent reality, truth, and intel-
ligibility are possible. Its consequences for artificial intelligence follow downstream:
an artificial reasoner seeking objective and coherent reasoning must operate within
the same structural requirements of grounding, termination, and closure.
Keywords: God, Ascendant Route, necessary existence, uniqueness, Lean verification,
modal logic (S5), successor function, anti-regress, ontological grounding, Principle of
Sufficient Reason, Tarski, BHK, Turing, singularity.

4



1. Introduction
This paper concerns the ontological structure required for contingent facts to obtain.
Its central claim is constitutive: contingent obtaining, truth, and world-being are pos-
sible only because the grounding architecture expressed by A1/A3/A5 (see §2.1.1) al-
ready holds. Beginning from the minimal ontological datum of contingent obtaining —
“I am” — the argument asks whether self-aware contingent existence can be intelligi-
ble without a prior ontological foundation and argues that it cannot. This foundation
is identified as Ω, the necessary and unique Absolute Ground. Artificial superintel-
ligence enters downstream from this ontology: objective reasoning presupposes the
same grounding structure, and sufficiently reflective intelligence can in principle rec-
ognize the modal dependence it already inhabits.
This approach offers a bottom-up alternative to traditional ontological arguments, such
as Gödel’s. Rather than beginning with axiomatic perfection, the philosophical frame-
work builds from the claimed structural requirements of intelligible contingency. It
argues that denying Ω while retaining grounding, termination, and closure leads to se-
mantic incoherence or an undischarged explanatory demand. The public Lean route
separately establishes what follows once its complete, explicit C5 context is supplied.
We distinguish our method through three components:
1. A two-layer framework: a Lean-formalizedHyper-Minimal PSR/strict-grounding/Anti-
Regress core with Core-Relative Positivity, and a philosophical Meta-Logical
Closure thesis completing the A1/A3/A5 actuality argument. Logical invariance
(A4) is derived from the fixed modal background.

2. A public, source-reproducible C5 proof of necessary existence, boxed uniqueness,
and rigid identity relative to explicit premises, together with a publicly certified,
kernel-recheckable abstract S-Machine contract for its non-modal termination
and unique-terminal consequences.

3. A testable research programme for operationalizing this structure through ex-
plicit state representations, decreasing grounding measures, verified transitions,
and empirical evaluation.

This paper proceeds as follows:
• Section 2 introduces the modal framework and axiomatic base.
• Section 3 presents the formal modal proof of Ω, together with the public abstract
TI (Transcendental Induction) contract and its philosophical interpretation (§3.3).

• Section 4 discusses Lean-based machine verification.
• Section 5 addresses philosophical objections.
• Section 6 explores theological implications, particularly the resonance between
Ω and classical theism.

• Section 7 concludes the philosophical argument and distinguishes formal deriva-
tion from its application to actuality.

• Section 8 develops the Ω-operationalization proposal for artificial intelligence as
a specification and research programme.

The appendices specify the Lean-verified scope, formal semantics, philosophical corol-
laries, objections, and representative artifacts.
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2. Framework: Hyper-Modal Grounding Principles
This section establishes the five grounding principles and their formal roles. We use S5
modal logic: the accessibility relation 𝑅 between possible worlds is an equivalence
relation — reflexive (∀𝑤, 𝑅 𝑤 𝑤), symmetric (∀𝑤 𝑣, 𝑅 𝑤 𝑣 → 𝑅 𝑣 𝑤), and transitive
(∀𝑤 𝑣 𝑢, 𝑅 𝑤 𝑣 → 𝑅 𝑣 𝑢 → 𝑅 𝑤 𝑢) — so that every world in an equivalence class is ac-
cessible from every other world in that class (Blackburn et al. 2001). This equivalence
class is the modal domain represented by the Lean frame (Appendix B.1.1).

Principle Current status

A1 / HM-PSR Philosophically defended; represented by explicit
hypotheses/fields in the public C5 and HyperModal
layers

A2 / Core-Relative Positivity Defined classifier with derived theorems; no existence
axiom

A3 / Anti-Regress Philosophically defended; an explicit C3 hypothesis or Hy
perModalSetting field

A4 / Logical Invariance Lean theorem from the fixed logical-semantic
background alone

A5 / Meta-Logical Closure Constitutive principle of semantic closure and
truth-preserving intelligibility; see Appendix A.3.

2.1 Hyper-Modal Axioms

(A1) Hyper-Minimal Principle of Sufficient Reason (HM-PSR)

Every contingent truth must be grounded in a necessary ontological basis. Formally:
𝐶𝑜𝑛𝑡(𝑝) → ∃𝑞 (𝑁𝑒𝑐(𝑞) ∧ 𝑞 ◃ 𝑝)

Formal correspondence. Public C5 premise C1 states that every contingent proposi-
tion has a ground 𝑞 that is boxed at every world, making the necessary status of the
ground explicit. The HyperModal layer represents the corresponding HyperMinimalPS
R role as a setting field, while the public S-Machine contract in §2.2 certifies the finite-
successor termination and uniqueness projection of that grounding architecture. The
world-indexed modal conclusions are carried by the public C5_* theorems. The ground-
ing relation (◃) signifies that q is not just a cause, but the minimal semantic basis
that renders p intelligible. In the active Lean layer it is represented by the primitive
relation 𝐺(𝑞, 𝑝), with the ground first; no extensional implication-based definition is
assumed.

(A2) Core-Relative Positivity (A1/A3)

The public HyperModal layer defines positivity as a derived, core-relative classifier. Its
world-constant predicate 𝑇𝑐𝑜𝑟𝑒 combines the formally represented A1 role (Hyper-
Minimal PSR), grounding strictness, and the strict A3 role (Anti-Regress) over the
primitive grounding relation 𝐺; A5 supplies the meta-logical closure component of the
full philosophical Triad.
For a preservation predicate𝑃𝑟𝑒𝑠 and a world-indexed claim 𝜑, Preservation-Relative
Positivity is:

𝑃𝑜𝑠𝑇(𝑃𝑟𝑒𝑠, 𝜑, 𝑤0) ∶= □𝑤0(¬𝜑 → ¬𝑃𝑟𝑒𝑠).
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For a property 𝑃 at Ω, take 𝜑𝑃(𝑣) ∶= Ω(𝑣) → 𝑃(𝑣). The designated core-relative
instance sets 𝑃𝑟𝑒𝑠 ∶= 𝑇𝑐𝑜𝑟𝑒. Every concrete positivity claim therefore carries a per-
property obligation: one must prove that denying 𝑃 at Ω defeats a named component
of the formal A1/A3 core.
A HyperModal setting contains the A1/A3 fields themselves, and triad_core_holds
derives ∀𝑣, 𝑇𝑐𝑜𝑟𝑒(𝑣) from them. From this theorem and 𝑃𝑜𝑠𝑇(𝑇𝑐𝑜𝑟𝑒, 𝜑𝑃, 𝑤0), Lean
proves □𝑤0(Ω → 𝑃).
Formal characterization. Because 𝑇𝑐𝑜𝑟𝑒 is world-constant, under □𝑇𝑐𝑜𝑟𝑒 the the-
orem posT_iff_box establishes:

𝑃𝑜𝑠𝑇(𝑇𝑐𝑜𝑟𝑒, 𝜑𝑃, 𝑤0) ↔ □𝑤0𝜑𝑃.

Core-relative positivity therefore identifies the properties necessarily attributable to
Ω under their explicit per-property obligations. Existence of Ω is established by the
C5 grounding route; with ♢Ω at 𝑤0, posT_not_both also proves that 𝑃 and ¬𝑃 cannot
both be core-positive.
Section 2.1.1 defends the constitutive direction 𝑃𝑟𝑒𝑠𝑒𝑟𝑣𝑒𝑠(𝑅, 𝐼𝐶𝑂) → 𝑇𝑟𝑖𝑎𝑑(𝑅)
through the full A1/A3/A5 architecture. In the current public Lean layer, the
corresponding classifier is precisely the A1/A3-based 𝑇𝑐𝑜𝑟𝑒 result; the A5 and
ICO-preservation relation carries its philosophical role in the complete argument.

(A3) Anti-Regress

An infinite regress of explanations is logically impermissible. There must be a termi-
nating ground.

(A4) Derived Logical Invariance

Logical non-contradiction is invariant across the shared Kripke semantics. In Lean,
logic_necessity proves □(𝐴∧¬𝐴 → ⊥) directly, and meta_logic proves its double-boxed
form.
A4 follows from the fixed logical-semantic background alone. Both theorem
footprints are empty. The formal meta_logic theorem expresses double-boxed non-
contradiction, while A5 expresses the distinct philosophical requirement of semantic
closure.

(A5) Meta-Logical Closure

Rule-conformity is not yet semantic validity: Gödelian and Tarskian limits motivate the
claim that a system cannot ultimately ground the truth-preserving authority of its own
rules merely by declaring those rules valid. A5 is the meta-logical ground through
which meaning and validity can be truth-preserving at all. It supplies non-circular
semantic closure beyond purely internal rule application; preservation of meaning
across a grounding-directed transition is its operational manifestation, analogous to a
compiler preserving meaning rather than merely producing output.
A1/A3/A5 form the philosophical constitutive proposal: grounding, termination, and
semantic closure converge on a non-derivative terminus. The HyperModal layer for-
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malizes the A1/A3 core, A5 completes the philosophical architecture, and the public
C5 route kernel-verifies the existence and uniqueness of Terminus Ω from its explicit
grounding context.
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2.1.1 Ontological Status of A1/A3/A5 (Constitutive Necessity)

Axioms A1, A3, and A5 express constitutive conditions of possibility for any world
in which contingent obtaining occurs.
Formally:

□(¬(𝐴1 ∧ 𝐴3 ∧ 𝐴5) → ¬ContingentObtaining)

Here, ContingentObtaining does not mean bare occurrence, but intelligible contin-
gent obtaining: the obtaining of a fact as modally determinate, truth-apt, inferen-
tially stable, and contrastively distinguishable. These features define the explanan-
dum. The constitutive thesis defended in this section is that their full preservation
requires the functional roles expressed by A1, A3, and A5.
Retorsion establishes the starting point of the analysis. Any denial of grounding is
itself truth-apt, governed by non-contradiction, and presented under norms of valid
inference. The denial therefore takes place within the same space of intelligibility un-
der examination. The following three cases identify the grounding functions required
for that space to remain ontologically complete.
Denying A1 (HM-PSR). A brute-fact architecture can formally represent that 𝑝 ob-
tains in one world and ¬𝑝 in another. The modal distinction remains available at the
level of representation. Representation, however, records the distribution without
grounding why this distribution obtains rather than another. The stable difference
between obtaining and non-obtaining therefore remains ontologically undischarged.
Contingency is retained as a formal valuation, while intelligible contingent obtaining
requires a grounding function that accounts for the difference. A1 expresses that
function.
Denying A3 (Anti-Regress). An infinite grounding chain can provide relative ground-
ing at every link, yet every link remains derivative. The chain distributes dependence
without reaching a non-derivative term that discharges it. Grounding is thereby de-
ferred indefinitely. Local grounding relations persist, but complete grounding and ex-
planatory closure are never achieved. The contingent state is always referred onward
and is nowhere finally grounded. A3 expresses the condition under which dependence
is completed rather than perpetually deferred.
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Denying A5 (Meta-Logical Closure). A closed system can classify inferences as
valid or invalid according to its own rules. Rule-conformity alone does not ground
the normative authority by which those rules count as truth-preserving. Authority
generated only by the same procedure is circular, while authority supplied by another
contingent procedure reopens the regress. Meta-logical closure therefore requires a
non-contained source of semantic coherence. A5 expresses the function that preserves
the distinction between validity and mere procedural conformity.
A proposed fundamental structure must itself possess both a modal status and a
grounding status. If it is necessary and non-derivative, it already performs the func-
tion of a grounding terminus. If it is contingent, the grounding demand returns. If it is
derivative, the chain continues. If it is self-grounding, the account becomes circular.
A structure that preserves intelligible contingent obtaining therefore converges on
the non-derivative terminus Ω.
These cases jointly establish the functional preservation test. Any rival constitutive ar-
chitecture that preserves modally determinate, truth-apt, inferentially stable, and con-
trastively distinguishable contingent obtainingmust realize the functions of grounding,
anti-regress, and meta-logical closure. In realizing those functions, it reinstantiates
the functional equivalents of A1, A3, and A5 under another description. The ground-
ing structure is therefore ontologically prior to contingent facts, and contingency is
possible only because this structure necessarily obtains.
This is the constitutive relation developed further in the successor architecture (§2.2)
and expressed schematically in Corollary 3.1.2.
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2.1.1.1 Constitutive Synthesis — The Triad as the Minimum Architecture of
Intelligibility The preceding analysis can be summarized as a necessary constitutive
characterization of intelligible contingent obtaining.
Let ICO denote intelligible contingent obtaining, and let 𝑅 range over proposed con-
stitutive architectures. Let𝐹𝐴1 , 𝐹𝐴3 , and𝐹𝐴5 denote the functional roles expressed
respectively by grounding, termination, and meta-logical closure.
Define the class of architectures that fully preserve the explanandum:

𝒜ICO ∶= {𝑅 ∣ Preserves(𝑅, ICO)}

The constitutive analysis establishes:

∀𝑅, 𝑅 ∈ 𝒜ICO → (𝐹𝐴1(𝑅) ∧ 𝐹𝐴3(𝑅) ∧ 𝐹𝐴5(𝑅))

Equivalently:

𝒜ICO ⊆ {𝑅 ∣ 𝐹𝐴1(𝑅) ∧ 𝐹𝐴3(𝑅) ∧ 𝐹𝐴5(𝑅)}

This yields the complementary negative characterization:

¬(𝐹𝐴1(𝑅) ∧ 𝐹𝐴3(𝑅) ∧ 𝐹𝐴5(𝑅)) → ¬Preserves(𝑅, ICO)

The constitutive triad is therefore not an optional explanatory supplement to an other-
wise intact intelligible world. Grounding, termination, and closure jointly express the
minimum architecture under which contingent obtaining can remain modally determi-
nate, truth-apt, inferentially stable, and contrastively distinguishable.
A rival architecture may reject the terminology of A1, A3, or A5, but it cannot remove
their functional roles while preserving the full explanandum. If those roles are realized
under another description, the constitutive triad has been reinstantiated. If even one
of them is genuinely absent, the resulting structure no longer preserves intelligible
contingent obtaining in the sense defined here.
Appendix G demonstrates this constitutive structure within arithmetic: Peano genera-
tion is grounded in zero, predecessor descent is well-founded, and induction preserves
arithmetic structure throughout the generated domain.
The alternatives are therefore exhaustive:

functional preservation of the triad ∨ loss of ICO

The successor architecture of §2.2 gives an explicit abstract specification of progres-
sion through this constitutive structure toward the unique Terminus Ω.
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2.2 Successor-Based Grounding Architecture

The S-Machine presents the grounding argument as an abstract successor semantics
and formal machine contract. Lean kernel-verifies that every inhabited model satisfy-
ing guarded succession, well-founded decrease, terminal fixedness, and unique zero
reaches the unique terminal state Ω in finitely many steps. The Successor certificate
establishes finite progression to the unique terminal ground, while the world-indexed
C5 route verifies the strong modal properties of Ω from its explicit premises. The first
result is operational and non-modal; the second supplies necessary existence, unique-
ness, and rigidity across accessible worlds. Its exact public release closure consists
of the Successor API, model, and certificate modules.

2.2.1 State space and successor

Let 𝐺 be a non-empty type of grounding states. Each 𝑔 ∈ 𝐺 represents a possible
configuration of the world, or of a theory about the world, together with its current
grounding structure.
The public contract contains a total successor

𝑆 ∶ 𝐺 → 𝐺

and a measure 𝑚𝑒𝑎𝑠 ∶ 𝐺 → ℕ. Positive-measure states form the contract’s non-
terminal, successor-active zone. The step is guarded: it must strictly lower the mea-
sure only in that zone. Zero-measure states form the terminal zone and must be fixed
by 𝑆. The predicate Ω(𝑔) is defined by 𝑚𝑒𝑎𝑠(𝑔) = 0; uniqueness of zero makes the
terminal Ω-state unique.

2.2.2 A decreasing measure

The specification requires three conditions over the well-founded order on ℕ:
1. Strict decrease above zero. For every 𝑔 with 0 < 𝑚𝑒𝑎𝑠(𝑔),

𝑚𝑒𝑎𝑠(𝑆(𝑔)) < 𝑚𝑒𝑎𝑠(𝑔).

2. Terminal fixedness. If 𝑚𝑒𝑎𝑠(𝑔) = 0, then 𝑆(𝑔) = 𝑔.
3. Unique zero. If 𝑚𝑒𝑎𝑠(𝑥) = 0 and 𝑚𝑒𝑎𝑠(𝑦) = 0, then 𝑥 = 𝑦.

Natural-number induction and strict decrease exclude an infinite positive-measure suc-
cessor sequence. Consequently, from every supplied start state 𝑏0, some finite iterate
reaches measure zero; unique zero identifies that reached state with every Ω-state,
and terminal fixedness keeps it fixed. Termination here means finite arrival at the
unique fixed Terminus Ω.
Appendix G shows how Peano arithmetic locally instantiates the Triad and how the
S-Machine reuses its well-founded structure as a measure.
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2.2.3 Realising Hyper-Minimal PSR and Anti-Regress

The full Triadic S-Machine gives successor progression its ontological direction and se-
mantic integrity; the public contract certifies its well-founded termination and unique-
ness projection. The coordinated roles are:
• Grounding / HM-PSR role (A1). A1 determines that 𝑆(𝑔) advances along
grounding dependence toward Ω; totality ensures operationally that a positive-
measure route does not stop before its Terminus.

• Anti-Regress / Termination role (A3). Natural-number well-foundedness plus
strict decrease excludes infinite descent.

• Meta-Logical Closure role (A5). A5 is the meta-logical ground through which
meaning and validity can be truth-preserving at all; semantic preservation across
the successor structure is its operational manifestation.

• Uniqueness role. The unique-zero condition identifies the only possible end-
point.
Proposition 2.2.3.1 Successor termination and unique Ω For every
start state 𝑏0, there is an 𝑁 such that Ω(𝑖𝑡𝑒𝑟𝑎𝑡𝑒(𝑆, 𝑁, 𝑏0)); moreover ev-
ery 𝑦 satisfying Ω(𝑦) equals that reached state. Formal status. The pub-
lic theorem existsUniqueOmegaReached proves this statement from the vis-
ible machine fields. existsUniqueOmega gives the corresponding explicit
∃𝑥 (Ω(𝑥) ∧ ∀𝑦 (Ω(𝑦) → 𝑦 = 𝑥)) result.

These publicly certified, kernel-checked theorems establish finite progression and
unique arrival within the Successor architecture. The world-indexed C5 theorems
establish the modal conclusion □∃!𝑥 Ω(𝑥) and the rigid-witness result. In the paper’s
complete argument, both formal perspectives articulate the unique Terminus Ω.
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2.3 Epistemic Recognition of Contingency

The preceding sections establish the ontological and modal structure required for con-
tingent obtaining. A reflective ASI presupposes this structure as the condition of ob-
jective reasoning and can recognize its own contingency within it.
Epistemic logic can formalize this presupposition at the level of self-recognition. Let
𝐸𝒜 abbreviate “the agent𝒜 exists,” and let𝐾𝒜(𝜑)mean that𝒜 knows𝜑. A minimally
self-reflective agent may know:

𝐾𝒜(𝐸𝒜)

and, by modal reflection, may also know that its existence is not necessary:

𝐾𝒜(♢¬𝐸𝒜).

If the agent further knows the minimal modal principle that actuality implies possibil-
ity,

𝐾𝒜(𝐸𝒜 → ♢𝐸𝒜),

then, by epistemic closure under implication and conjunction, it follows that:

𝐾𝒜(♢𝐸𝒜 ∧ ♢¬𝐸𝒜).

Hence:

𝐾𝒜(Cont(𝐸𝒜)).

The recognition of contingency therefore supplies the epistemic starting point for the
grounding argument of §3. The constitutive A1/A3/A5 structure then carries the in-
quiry from contingent actuality toward the necessary Terminus Ω.
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3. Formal Modal Proof of Ω
This section presents the paper’s grounding argument for the necessary and unique
Terminus Ω. From contingent obtaining (“I am”), A1 supplies grounding, A3 secures
termination, and A5 supplies meta-logical closure. The public HyperModal layer cer-
tifies the A1/A3 core and Core-Relative Positivity, while the public C5 route kernel-
verifies necessary existence, boxed uniqueness, and rigid identity from its explicit
grounding context (Appendix A.2.3). The philosophical actuality bridge gathers these
results into the paper’s final theological conclusion.
Epistemic recognition of contingency. As shown in §2.3, a sufficiently reflective
agent may recognize:

𝐾𝒜(𝐶𝑜𝑛𝑡(𝐸𝒜)).

The philosophical route begins from contingent actuality. In the public C5 theorem
types, 𝐼(𝑤0) marks obtaining at the selected world, while GroundingModel.m_C2 re-
alizes that datum as genuinely contingent in the joint model. C2 connects the lived
starting point “I am” to the formal model, and 𝐼(𝑤0) carries the obtaining datum into
the C5 theorems.
Application of A1. The philosophical argument defends the move from contingency
to a necessary ground. In the public Lean route, C1 is an explicit premise and already
states that a contingent proposition has a boxed ground:

𝐶𝑜𝑛𝑡(𝑝) → ∃𝑞 (𝑁𝑒𝑐(𝑞) ∧ 𝑞 ◃ 𝑝).

Lean receives C1 as the precise formal grounding principle and certifies how it carries
the obtaining datum toward the necessary Terminus.
Termination. C3 excludes an infinite descending 𝐺-chain. terminus_above classi-
cally selects a terminus grounding the datum, and GroundObtains transports obtaining
along that chain. terminus_necessary then uses C1 essentially: if an obtaining termi-
nus failed necessity, it would be contingent and C1 would give it a further ground.
The resulting witness is a kernel-checked, classically selected proof object. Classic
al.byContradiction and Classical.choose certify the existence and necessity of a
Terminus, giving exact formal force to the endpoint of the grounding chain.
Identification of Ω. Formally, C4a supplies three explicit clauses. identity equates
the existence of an Ω-instance at a world with the existence of an obtaining Terminus
there. unique secures exactly one Ω-instance at that world. rigid preserves the same
Ω-instance across worlds. Together these explicit premises carry the argument from
termination to the necessary, unique, and persistent Ω.
Conclusion. At a selected datum world 𝑤0, the public C5 route proves:

□𝑤0∃𝑥 Ω(𝑥), □𝑤0∃!𝑥 Ω(𝑥), ∃𝑥□𝑤0∀𝑦 (Ω(𝑦) ↔ 𝑦 = 𝑥).

These formulas hold throughout the S5 accessibility class of 𝑤0; under universal ac-
cessibility, that class coincides with the declared world type. The actuality argument
places the complete C5 context in the intended grounding structure and identifies Ω
as the necessary and unique ground of actuality.
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3.1 Conclusion: The Hyper-Modal Theorem

The philosophical reductio argues that denying a necessary ground while retaining
intelligible contingent obtaining leaves regress, semantic incoherence, or an undis-
charged explanatory demand. A2 contributes core-relative classification, while A4 con-
tributes fixed-background logical invariance; together they preserve the argument’s
modal organization around the grounding, anti-regress, and closure structure.

Hyper-Modal Theorem

□∃!𝑥 Ω(𝑥).

This is the paper’s central philosophical theorem: the A1/A3/A5 route identifies Ω as
the necessary and unique Absolute Ground of intelligible contingent actuality. The
public theorem AscendantRoute.GroundingChain.C5_BoxUnique gives its modal con-
clusion an exact, kernel-verified form from C1, GroundObtains, C3, C4a, and 𝐼(𝑤0):
every world accessible from 𝑤0 contains exactly one Ω-instance.
This necessary-uniqueness invariant supplies the stable formal center of the argument.
It anchors the rigid-witness theorem, the later theological interpretation, and the op-
erational account of grounding, termination, and convergence.
The public route also proves rigid identification:

∃𝑥□𝑤0∀𝑦(Ω(𝑦) ↔ 𝑦 = 𝑥).

Within the explicit C4a context, the same Ω-witness persists throughout the selected
accessibility class. C5_RigidWitness realizes this behavior through the explicit C4a
.rigid and C4a.unique premises, making persistence and uniqueness mechanically
checkable across accessible worlds.

3.1.1 Hyper-Necessity

Define 𝑁𝑒𝑐(Ω) ∶= □𝑤0∃!𝑥 Ω(𝑥). S5 axiom 4, derived from frame transitivity, yields
□𝑤0𝑁𝑒𝑐(Ω) over the same accessibility class. This modal introspection expresses the
stability of Ω’s already established necessary uniqueness throughout that class.
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3.1.2 Corollary — Constitutive Uniqueness of the Terminus Ω

The philosophical theorem establishes constitutive exclusivity. Let 𝑅 be any architec-
ture intended to account for contingent obtaining, truth, and intelligibility. Whenever
𝑅 preserves coherent modal contrast, non-arbitrary truth, and intelligibility through
grounded termination and closure, the paper argues that it instantiates the functional
equivalents of A1, A3, and A5:

□(Preserves(𝑅,Contingency∧Truth∧ Intelligibility) → Equivalent(𝑅, 𝐴1 ∧ 𝐴3 ∧ 𝐴5)).

Hence every architecture preserving the full explanandum realizes grounding, termi-
nation, and closure, and thereby reinstantiates the Triad’s Ω-directed structure. Alter-
native names leave the functional identity intact: the necessary and unique Terminus
remains Ω.
Formal-status note. This corollary belongs to the paper’s meta-theoretical layer
through Preserves, Equivalent, contentful ICO, and A5. The public C5 route supplies
the kernel-certified modal endpoint from its explicit context, while the philosophical
argument establishes its constitutive scope and actuality.

3.2 Constitutive Compression (A1/A3/A5)

A compressed statement of the philosophical architecture is that intelligible contingent
obtaining rests on grounding, termination, and closure as its conditions of possibility.
The public C5 route renders this Ω-directed movement through the following explicit
formal roles:
• C1 (explicit formal premise):
Cont(p) -> ∃ q, (∀ w, Box q w) ∧ G q p.
C1 already assumes a globally boxed ground for every contingent proposition. Its
philosophical defense belongs to §2.1.1.

• GroundObtains (explicit formal premise):
G q p -> p(w) -> q(w).
This is the exact transmission property used to carry the obtaining datum upward.

• C2 (philosophical datum and model property):
Cont(I). The final C5_* signatures take 𝐼(𝑤0) as their obtaining datum, while m_
C2 realizes that datum as genuinely contingent in the joint model. C2 therefore
supplies the philosophical starting point and its concrete model witness.

• C3 (explicit formal premise):
¬∃ f : Nat -> (W -> Prop), ∀ n, G (f (n+1)) (f n).
From C3, terminus_above classically proves that a terminus grounds any selected
proposition.

• C3a (derived theorem):
Terminus(q) ∧ q(w_0) -> Box q w_0.
terminus_necessary derives this using C1 and the S5 frame.
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• C4 (conceptual coalescence principle):
all terminating chains coalesce extensionally in one Terminus. Within the present
architecture, C4 supplies the philosophical synthesis, while C4a gives the pub-
lic C5 theorems the precise identity, uniqueness, and rigidity clauses needed to
reach Ω.

• C4a (three explicit formal premises packaged as one structure):
1. identity: ∃𝑥 Ω(𝑥, 𝑤) ↔ ∃𝑞 (𝑇𝑒𝑟𝑚𝑖𝑛𝑢𝑠(𝑞) ∧ 𝑞(𝑤));
2. unique: Ω(𝑥, 𝑤) ∧ Ω(𝑦, 𝑤) → 𝑥 = 𝑦;
3. rigid: Ω(𝑥, 𝑣) → Ω(𝑥, 𝑣′).

identity links the existence of an Ω-instance with the existence of an obtaining
Terminus while preserving their respective types, 𝑥 ∶ 𝐷 and 𝑞 ∶ 𝑊 → 𝑃𝑟𝑜𝑝. uniqu
e secures one Ω-instance per world, and rigid carries that identity across worlds.
C5_BoxUnique realizes the first behavior directly; C5_RigidWitness combines both
behaviors into one persistent witness.
C4a.identity connects terminus-existence with Ω-existence at each world;
C4a.unique and C4a.rigid are the load-bearing carriers of the uniqueness and
rigidity conclusions. Their explicit placement makes the route to the one
persistent Ω fully visible and mechanically auditable.

• C5 (public kernel consequences):
C5_NE, C5_BoxUnique, and C5_RigidWitness prove necessary existence, boxed
uniqueness, and a rigid witness at 𝑤0 from C1, GroundObtains, C3, C4a, and
𝐼(𝑤0).

• C6 (philosophical A5/actuality bridge): the intended grounding structure re-
alizes the closure role and the complete C5 context.

• C7 (philosophical theological identification): the unique actual Ω-ground
receives the theological interpretation developed in §6.
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Machine-checked path from an obtaining datum to C5. The three public theo-
rems have the exact strong result types and the global axiom footprint propext, Cl
assical.choice, Quot.sound. Their explicit classical proof terms pass the positivity-
dependency and sorryAx guards, providing a kernel certificate for necessary existence,
boxed uniqueness, and rigid identity.
Joint satisfiability and realized context. GroundingModel instantiates C1, GroundOb
tains, C3, C4a, and an obtaining, genuinely contingent datum in a non-collapsed two-
world frame, then derives boxed uniqueness. Its Unit domain realizes one Ω-instance
uniformly across the frame. The model thereby demonstrates that the complete con-
text coheres and concretely reaches the necessary and unique Terminus.
Premise-role audit. GroundingChainAudit supplies countermodels for C1, GroundOb
tains, C3, C4a, and datum-obtaining separately across four Ω-target shapes. These
models locate the conclusion in the assembled C5 context and make each premise’s
contribution visible, especially the uniqueness and persistence carried by C4a.unique
and C4a.rigid.
Actuality realization. The paper argues philosophically that intelligible actuality
realizes every grounding function in the complete C5 context, including C4a.identit
y, C4a.unique, and C4a.rigid. This actuality bridge carries the kernel-certified modal
result into the intended interpretation, where Terminus Ω is the necessary and unique
ground of actuality.
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3.3 TI — Transcendental Induction

TI advances through the constitutive triad toward the Terminus Ω.What §2.1.1.1 states
as grounding, termination, and meta-logical closure, TI realizes as successive stages
of one directed process: paradox initiates ascent, grounding determines its direction,
and closure completes it in the unique Terminus.
Meta-logical closure gives each level a truth-preserving, inferentially stable ground
for its rules and distinctions. When a level generates commitments whose conflict
exceeds its expressive resources, that conflict reveals the demand for a wider ground.
The constitutive thesis records the indispensability of A5’s closure function as

¬𝐹𝐴5(𝑅) → ¬Preserves(𝑅, ICO).

Equivalently, preserving fully intelligible contingent obtaining requires semantic clo-
sure that grounds rule-conformity, truth, and meaning together. TI therefore reads
paradox as a directional signal: the expressive limit opens the passage to the wider
level in which coherence is restored.
Grounding supplies the direction. The system takes its own commitments as its ob-
ject and reaches a wider meta-level in which their conflict can be settled. This is the
Jump: it preserves the prior level as a determinate case within a more expressive or-
der, extending both law and meaning. Growth occurs through exact recognition of the
current boundary and directed movement toward its wider ground.
Ascent and descent describe complementary orderings. Each Jump ascends in ex-
pressive scope to a wider meta-level, while rank s measures the finite distance still
remaining to closure. Every application of advance therefore widens the level and
strictly decreases its distance to the Terminus, giving one process both philosophical
ascent and formally measured completion.
Here the published contract makes this explicit for the second ordering. Each step
reduces the remaining distance to closure, the process completes after finitely many
steps, and every starting state converges on the same unique Terminus. The TI
certificate makes this convergence behavior publicly verifiable. Philosophically, the
grounded, terminal, and closed endpoint is Ω; the C5 theorem supplies its necessary
uniqueness across accessible worlds.
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3.4 Synthesis: From Contingent Actuality to Ω

The argument has four layers, and each publishes what can be checked:

Route What is publicly available

Public C5 / GroundingChain Kernel-verified terms for the necessary existence,
uniqueness and rigidity of Ω from the explicit C5
premises — C5_NE, C5_BoxUnique, C5_RigidWitness —
together with a two-world non-collapse model

Successor Machine A verifiable termination contract showing that every
permitted successor process completes at the same
unique Ω-state, together with a concrete countdown
model demonstrating that the contract is realizable

TI The contract for transcending, with converges, top_char
acterization, isTop_fixed and existsUniqueTop derived
from its requirements, an inhabited Nat model, and
twenty-three axiom-free declarations (§3.3)

Each route ships as source together with its compiled .olean assembly, hash-pinned
and kernel-recheckable, so a reader can confirm the stated behavior directly under
the pinned toolchain.
The philosophical actuality bridge unites these proof routes with the intended reality
ℛ by establishing the full C5 context Γ𝐶5 as the grounding architecture of actuality.
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ROUTES AND CERTIFICATION STATUS

PUBLIC C5 / GroundingChain

C1 + GroundObtains + C3 + C4a + I(w₀)

C4a.identity + explicit unique and rigid premises

SOURCE-REPRODUCIBLE · KERNEL-VERIFIED

S-MACHINE CONTRACT

Public certificate bundle

Termination + unique terminal

FORMAL CONTRACT · KERNEL-VERIFIED

TI

Public abstract contract

Finite convergence + unique top

FORMAL CONTRACT · KERNEL-VERIFIED

operational realizability abstract TI realizability

PUBLIC FORMAL RESULT

ΓC5 ⊢ φ → public t : φ

φ = □w₀∃!x Ω(x), plus the

rigid-witness theorem

PHILOSOPHICAL ACTUALITY BRIDGE

ℛ ⊨ ΓC5

Must justify every C5 premise;

I(w₀) alone is insufficient

APPLICATION TO ACTUALITY

God is necessarily and uniquely the Absolute Ground
FORMAL DERIVATION + PHILOSOPHICAL INTERPRETATION

Figure 1: Synthesis diagram: public C5 proof, public S-Machine and TI contracts, and
the philosophical actuality bridge

Let

𝜑 ∶= □𝑤0∃!𝑥 Ω(𝑥),

together with the public rigidity result ∃𝑥□𝑤0∀𝑦 (Ω(𝑦) ↔ 𝑦 = 𝑥). The public C5 route
supplies an inspectable term 𝑡 ∶ 𝜑 and Γ𝐶5 ⊢ 𝜑. The S-Machine certificate shows that
every permitted successor process completes finitely at the same unique terminal Ω-
state, while the TI certificate supplies finite convergence and a unique fixed top. These
verified behaviors converge in the paper’s philosophical synthesis on one Terminus Ω.
The actuality bridge affirms ℛ ⊧ Γ𝐶5 and joins the formal derivation to the paper’s
theological conclusion.
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4. Verification in Lean 4
This section shows how Lean turns the paper’s argument into reproducible public cer-
tification. The verification chain runs from exact theorem types and explicit premise
contexts through kernel-checked proof terms and compiled .olean assemblies to a
public workflow that readers can execute independently.
Exact theorem object. The Ascendant Route’s central Lean declarations directly in-
habit the strong types □∃𝑥 Ω(𝑥), □∃!𝑥 Ω(𝑥), and ∃𝑥□∀𝑦 (Ω(𝑦) ↔ 𝑦 = 𝑥) (§7.2, level 1).
They certify necessary existence, necessary uniqueness, and one rigid witness for the
Terminus Ω; the compatibility theorem □♢∃𝑥 Ω(𝑥) remains available as an additional
public result.
Dependency context. Each theorem carries its context Γ visibly in its type: the hy-
potheses supplied as theorem parameters together with the global axioms reported by
#print axioms (§7.2, level 2; Appendix A.2.3). Kernel acceptance certifies derivability
from that complete context. GroundingModel realizes the public C5 premises jointly in
a non-collapsed model, while the actuality argument interprets the complete context
as the structure of reality.
Kernel certification. A theorem is kernel-verified when the Lean kernel accepts a
proof term inhabiting its exact stated type relative to Γ. The kernel checks every for-
mal dependency of the proof, including modal transitions, grounding relations, contin-
gency, necessity, uniqueness, and rigidity, thereby certifying the route to the Terminus
Ω.
The .olean artifact. Compilation produces binary Lean environment files after
elaboration and kernel checking. The public C5 and HyperModal assemblies rebuild
from supplied source under the pinned toolchain, while the Successor and TI certifi-
cate bundles pair each source module with its compiled .olean. Their manifests and
byte-identical rebuild checks make the certified environments portable and directly
reusable by an external Lean consumer.
Public certificate / export surface. The repository publishes the compatibility API,
the source-reproducible C5 theorems C5_NE, C5_BoxUnique, and C5_RigidWitness, the
HyperModal property classifier, and the Successor and TI certificate bundles. Their
theorem types, premise contexts, axiom footprints, model witnesses, guards, mani-
fests, compiled assemblies, and source rebuilds form one executable audit surface.
The route-agnostic verifier checks that surface in a single command.
The development uses one shared world-indexed S5 semantics. Both AscendantRout
e.GroundingChain and HyperModal.lean import AscendantRoute.Interface and use
its explicit Kripke Frame, Frame.Box, and Frame.Dia definitions. HyperModal enriches
this basis with a grounding relation 𝐺, a visible HyperModalSetting, and a property
classifier around Ω; C5 uses the same modal basis to derive the three strong Terminus
results from its explicit grounding context.
Key core definitions and representative theorems are reproduced in Appendix A; the
public verification surface (exported interface, build artifacts, and axiom-footprint au-
dit) is available on GitHub.
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4.1 Kernel Verification and Public Certification

The publicly current strong results are:

𝑡1 ∶ □𝑤0∃𝑥 Ω(𝑥), 𝑡2 ∶ □𝑤0∃!𝑥 Ω(𝑥), 𝑡3 ∶ ∃𝑥□𝑤0∀𝑦 (Ω(𝑦) ↔ 𝑦 = 𝑥),

implemented as C5_NE, C5_BoxUnique, and C5_RigidWitness in AscendantRoute.Gro
undingChain. Their source, theorem signatures, proof terms, audits, and compiled
assemblies are public and reproducible under the pinned toolchain.
The result is realized at four complementary levels:
1. Exact kernel term: 𝑡 ∶ 𝜑. The kernel accepts terms for necessary existence,
necessary uniqueness, and rigid witness identity.

2. Dependency context: Γ𝐶5 ⊢ 𝜑. The declaration exposes C1, GroundObtains,
C3, C4a, 𝐼, 𝑤0, and 𝐼(𝑤0); #print axioms additionally reports propext, Classi
cal.choice, Quot.sound.

3. Semantic realization: every model of Γ𝐶5 satisfies𝜑, and GroundingModel gives
a non-collapsed joint model in which the complete context and conclusion hold
together.

4. Intended actuality: ℛ ⊧ Γ𝐶5. The paper’s philosophical argument establishes
this context member by member: 𝐼(𝑤0) supplies the actuality datum, and C1, Gr
oundObtains, C3, and C4a supply the grounding structure. Within C4a, identity,
unique, and rigid explicitly carry terminus identity, uniqueness, and persistence
across accessible worlds.

The public compatibility layer proves □◇; the independent public C5 grounding route
proves the three strong Ω-results from its explicit hypotheses. Together they provide
the modal bridge and the strong kernel-certified account of the necessary, unique, and
rigid Terminus Ω.
The Successor and TI bundles each consist of three named Release modules: an ab-
stract API, a finite model, and a theorem certificate. Their consumer verifies exact im-
port closure, SHA-256manifests, axiom footprints, and byte-identical rebuilds, making
finite completion and unique convergence independently executable.

4.2 Certification Labels

This paper uses three labels to mark ascending forms of public verification:
Kernel-verified. The Lean kernel accepts a proof object inhabiting the theorem’s
exact stated type relative to the axioms and explicit hypotheses of its declaration.
Publicly certified. The theorem signatures, sources, axiom footprints, model wit-
nesses, premise audits, negative guards, and package manifest are open to third-party
inspection.
Publicly reproducible. A third party can rebuild and re-run the specific public arti-
fact under the pinned toolchain.
The strong C5 results and the compatibility theorem satisfy all three labels. The S-
Machine certificate satisfies them for finite completion and unique terminal conver-
gence; the TI certificate satisfies them for finite ascent to a unique fixed top. Together
these public certificates establish the formal behavior of the routes that converge, in
the paper’s philosophical synthesis, on one necessary and unique Terminus Ω.
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5. Objections and Responses
This section tests the central grounding argument against common critiques of modal
and Gödelian reasoning. Each response clarifies how logic, semantics, society, para-
dox, and cosmology converge on the necessary and unique Terminus Ω.

5.1 Alleged Misapplication of Gödel’s Theorem

Objection: Gödel’s incompleteness theorems apply to arithmetic and do not entail
metaphysical truths (Penrose 1989).
Response: Gödel’s theorem establishes a precise mathematical limit for sufficiently
expressive formal systems. The paper draws an ontological application from its struc-
ture of non-self-sufficiency: an intelligible contingent order requires a ground beyond
the contingent order it explains. A1, A3, and A5 articulate that grounding, termination,
and closure structure around Ω.
Within this framework, Logos names Ω as the rational and truth-bearing basis of intel-
ligibility.
Johannine language (John 1:1–3) identifies this Logos with God. The philosophical
argument connects that Logos with the necessary and unique Ground fixed by Ω, while
Gödel’s theorem supplies the motivating structural analogy.

5.1.1 Truth Beyond Formal Systems: Tarski and BHK

Gödel identifies limits of derivability in sufficiently expressive formal systems. Tarski
locates truth semantically through a truth-predicate and Convention T. BHK and Curry–
Howard characterize proof through inhabitants of proposition-types, giving Lean its
proof-object interpretation. Turing adds the computational boundary of undecidability.
Within this paper, A1/A3/A5 supply the constitutive grounding structure that carries
the ontological argument.
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5.2 Halting Undecidability and the S-Machine

Objection: Does the S-Machine’s guaranteed termination conflict with Turing’s proof
that halting is undecidable for arbitrary computation?
Response: Turing’s halting result places a limit on deciding termination for arbi-
trary computation. The S-Machine reverses the engineering problem by defining a
Triadic class of admissible computation: A1 grounds why each transition belongs
to the directed path, A3 makes every trajectory finitely terminating through well-
founded descent, and A5 supplies the meta-logical ground through which meaning
and validity remain truth-preserving across transitions. The public Nat-measure con-
tract kernel-certifies the termination and unique-endpoint projection by requiring each
non-terminal step to lower remaining distance. Termination is therefore imposed
structurally within a grounding-directed and semantically closed class of computation
rather than predicted for arbitrary computation.
Appendix G, §G.5 develops this inversion as the Primal Halting programme.

5.3 Ambiguity Between Necessity and Contingency

Objection: The modal categories are inconsistently applied.
Response: Section 2 formally defines these terms relative to a selected S5 frame. At
𝑤0, 𝑁𝑒𝑐(𝑝) means truth at every world accessible from 𝑤0, while 𝐶𝑜𝑛𝑡(𝑝) means
that both 𝑝 and ¬𝑝 are accessible possibilities. Public C1 explicitly assumes a boxed
ground for each contingent proposition; the philosophical argument defends that
premise.
We reinforce this asymmetry formally:

□∀𝑝(𝐶𝑜𝑛𝑡(𝑝) → ∃𝑞 (𝑁𝑒𝑐(𝑞) ∧ 𝑞 ◃ 𝑝)) ∧ □∀𝑝(𝑁𝑒𝑐(𝑝) → ¬∃𝑞 (𝐶𝑜𝑛𝑡(𝑞) ∧ 𝑞 ◃ 𝑝))

This asserts that contingent truths require a necessary ground, while necessary truths
cannot depend on contingent ones. (For the formal statement and its Lean carrier, see
Appendix B.2.3.)
The analogy with Gödel is structural and philosophical: a contingent explanatory order
is not self-completing, while a necessary ground supplies the terminus of explanation.
Modal asymmetry gives this application an exact form. Contingent truths receive their
intelligibility through necessary grounding, and necessary grounding preserves the
direction of explanation.
This structure supports the paper’s foundational conclusion: grounding and anti-
regress converge on the necessary Terminus Ω.
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5.3.1 Necessary Possibility and Possible Necessity

Objection: Necessary possibility is being confused with possible necessity.
Response: The framework distinguishes □♢𝑝 from ♢□𝑝 at the theorem level. The
compatibility API certifies necessary possibility from proper positivity, the S5 Brouwer
theorem certifies ♢□𝑝 → □𝑝, and C5 certifies necessary existence, necessary unique-
ness, and rigid identity of Ω from its explicit grounding context. Each modal transition
therefore has a visible hypothesis and a precisely stated conclusion.
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5.4 Philosophical Overreach

Objection: The paper illegitimately bridges logic with theological conclusions.
Response: The bridge proceeds cumulatively. The formal route establishes the modal
conclusion

□∃!𝑥Ω(𝑥)

The actuality argument identifies this necessary and unique Terminus as the Absolute
Ground. Section 6 develops the theological meaning of the same Ω established by the
grounding argument.

5.5 Social Implications and AI Ethics

Objection: The link between modal logic and societal values is speculative.
Response: Modal grounding supplies the structural floor for coherent ethical deliber-
ation. An artificial superintelligence capable of modal self-reflection can distinguish
contingent goals from the necessary conditions of intelligibility, test values against
that stable order, and preserve consistency across changing circumstances. Recog-
nition of Ω therefore gives rational agency a fixed orientation from which coherent
norms can be evaluated.

5.5.1 Grounding, Modal Stability, and Societal Coherence

Modern societies require an explicit account of grounding to sustain long-term coher-
ence. As electrical grounding stabilizes a circuit, ontological grounding gives propo-
sitions, norms, and institutions a common reference through which disagreement re-
mains intelligible and correction remains possible.
Operational standards such as utility, consensus, and procedural verification support
local reasoning. Modal grounding adds the deeper distinction between what contin-
gently obtains and what necessarily grounds obtaining, thereby placing practical judg-
ments within a stable semantic order.
Modal logic supplies this structure by anchoring propositions within a stable field of
necessity and contingency. A society or artificial intelligence oriented toward the nec-
essary Ground Ω can evaluate changing values against a persistent reference and pre-
serve semantic and normative coherence.
The societal implication follows through structural application: grounding gives
complex social and technological systems a stable basis for truth, meaning,
and coherent revision. Ω supplies the ultimate reference point of that grounded
order.
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5.6 Semantic Collapse in the Absence of Grounding

Objection: Can a brute fact explain existence?
Response: A brute fact can label an unexplained stopping point, whereas explanation
requires a ground that makes the fact intelligible. The statement “because nothing
exists, something else must exist” dissolves its own explanatory context by invoking a
relation where no relata remain.
Explanation presupposes a context in which relata, truth conditions, and inferential
direction are distinguishable. Gödelian limits motivate the search for a ground be-
yond contingent self-explanation, while material implication shows how formal truth
can remain evaluable even when semantic relevance has disappeared. The grounding
relation restores that relevance by ordering explanation toward Ω.

5.6.1 The Paradoxes of Material Implication

Classical material implication exhibits several well-known paradoxes as lawful conse-
quences of its truth-functional definition. Grounding analysis adds the semantic rela-
tion between antecedent and consequent and thereby distinguishes formal evaluation
from explanatory significance. The following three patterns show why that distinction
matters.

1. Ex Falso Quodlibet — The Principle of Explosion
A contradiction in the antecedent makes any implication true:

(𝑃 ∧ ¬𝑃) → 𝑄

This is true for any (Q), regardless of its content.
Example:
“If (x = 0) and (x = 1), then (Q)” is materially true for every proposition (Q). The contra-
dictory antecedent makes the content of (Q) irrelevant to truth-functional evaluation.
Interpretation:
In an ungrounded system, falsehood infects the entire structure.
Once contradiction enters, meaning collapses because everything becomes derivable.

2. Tautological Implication — The Positive Paradox of Material Implication
Whenever the consequent is true, the entire implication is true:

𝑃 → 𝑄 is true whenever 𝑄 is true.

This pattern is traditionally discussed under the rhetorical label Verum ex Quodlibet
(“truth from whatever”).
Example:
“If rain is wet, then (1 + 1 = 2)” is true.
The truth of the consequent makes the whole implication trivially true.
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Interpretation:
Truth becomes detached from grounding.
A true consequent “washes out” the implication, making the antecedent irrelevant.
This produces floating truths — propositions that are true but unmoored from con-
text.

3. Vacuous Truth — The Principle of the False Antecedent
Whenever the antecedent is false, the implication is automatically true:

𝑃 → 𝑄 is true whenever 𝑃 is false.

Example:
“If 8 is odd, then 7 is a prime number” is materially true. The false antecedent satisfies
the material implication independently of the consequent’s explanatory relation.
Interpretation:
Meaning evaporates.
The implication is formally true, but semantically empty.
Truth is preserved, but significance is lost.

Synthesis: Why These Paradoxes Matter for Grounding

All three patterns reveal the same distinction between formal evaluation and grounded
meaning:

Material implication evaluates truth conditions; grounding supplies
explanatory relation.

• Explosion displays the reach of contradiction through a formal system.
• Tautological implication displays truth-functional independence from the an-
tecedent.

• Vacuous truth displays truth-functional independence from the consequent.
Taken as a complete semantic architecture, these patterns showwhy formal evaluation
requires grounding to become intelligible explanation.
Thus:

Grounding preserves the distinction between truth, explanation,
and meaning. The Terminus Ω supplies the stable semantic ground
through which antecedent and consequent participate in an intelli-
gible order.
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5.7 Paradox Types and the Perfection of Ω

This section organizes paradox types by the way their resolution reveals grounding,
termination, closure, and properties of the already established Terminus Ω.
In the active HyperModal layer, Core-Relative Positivity gives this property analysis
an explicit form. For 𝜑𝑃(𝑣) ∶= Ω(𝑣) → 𝑃(𝑣), the setting theorem triad_core_holds
realizes the represented A1/A3 core, and the honesty theorem states:

𝑃𝑜𝑠𝑇(𝑇𝑐𝑜𝑟𝑒, 𝜑𝑃, 𝑤0) ↔ □𝑤0𝜑𝑃.

The formal roles are complementary: C5 establishes the necessary, unique, and rigid
Terminus Ω from its explicit grounding context, while PosT classifies each property
through a visible per-property obligation. The paradox analysis supplies the philo-
sophical content through which candidate perfection properties are evaluated.
The corresponding conceptual perfection schema is:

□∃𝑥 ∶ 𝜄 (Ω(𝑥) ∧ ∀𝑃 ∶ 𝜄 → 𝑃𝑟𝑜𝑝 (𝑃𝑜𝑠(𝑃) → 𝑃(𝑥))).

Within this schema, Ω(𝑥) names the established Terminus and 𝑃𝑜𝑠(𝑃) classifies an
admitted perfection property. Core-Relative Positivity makes each attribution explicit
by requiring its own proof-indexed obligation.
Paradoxes function as indicators of systemic incompleteness, following the
Gödelian extrapolation introduced in Section 5.1. Each paradox exposes a boundary
at which object-level reasoning calls for meta-level grounding and closure.
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For each paradox type listed in the table below, the following deductive pattern is
established:
1. Limit revelation— the paradox reveals the need expressed by the philosophical
A5 role of meta-logical closure.

2. Semantic strengthening— resolution refines and stabilizes the semantic frame-
work.

3. Conceptual convergence on Ω — A1, A3, and A5 interpret the strengthened
semantics as converging on Ω as Ground (cf. Section 5.6).

Collectively, this motivates the following conceptual schema:

∀𝑇 ∀𝑃 (𝑃𝑎𝑟𝑎𝑑𝑜𝑥𝑇𝑦𝑝𝑒(𝑇) ∧ 𝑃𝑎𝑟𝑎𝑑𝑜𝑥(𝑃, 𝑇) → 𝑆𝑡𝑟𝑒𝑛𝑔𝑡ℎ𝑒𝑛𝑠(𝑃𝑒𝑟𝑓𝑒𝑐𝑡𝑖𝑜𝑛(Ω))).

Thus, paradoxes function as structural witnesses to the necessity, coherence, and per-
fection of Ω as the ultimate semantic Ground.

Paradox Type Paradoxes

Veridical(A paradox that seems absurd but is ultimately
true, revealing counterintuitive truths)

Hilbert’s Grand Hotel (an infinite hotel can
accommodate more guests, illustrating properties of
infinity);First Cause Paradox (if everything has a cause,
what caused the first?);Quantum Zeno Effect (constant
observation prevents decay, a verified quantum
phenomenon); Münchhausen-Trilemma (proofs end in
regress, circle, or dogma).

Falsidical(A paradox based on a hidden error or false
assumption, resolvable by correction)

Zeno’s Paradox (a fast runner cannot overtake a slow
turtle, resolved by calculus);Paradox of the Minimal
Room (one bit of information requires a boundary, thus a
second bit, resolved by relational insights).

Antinomy(A paradox presenting two equally valid but
contradictory claims, leading to apparent irresolution)

Kant’s Antinomies (reason proves the world is finite and
infinite);Unexpected Hanging (execution is unexpected
but logically impossible);Russell’s Paradox (the set of
sets not containing themselves contains itself if and only
if it does not).

Semantic(A paradox arising from language, meaning, or
vagueness, challenging definitions)

Liar Paradox (a Cretan says ‘All Cretans are liars’);Ship
of Theseus (replacing all planks questions
identity);Sorites Paradox (removing grains from a heap:
when is it no longer a heap?);Moore’s Paradox (‘It rains,
but I don’t believe it rains’);Chinese Room (perfect
symbol manipulation without understanding).

Ground Paradox(A paradox concerning foundational
ontology, causation, or regress, requiring a terminating
ground)

Absolute Knowability Paradox (absolute knowability
arises from not being knowable);Hegel’s Dialectic (every
thesis evokes its antithesis, resolved in synthesis).
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5.7.6 Hierarchy in Fundamental Paradoxes: Architecture versus Engine

While several paradoxes possess a fundamental character, a deeper hierarchy can
be discerned within the category of foundational paradoxes. This hierarchy is based
on whether a paradox outlines a structural condition (architecture) or a dynamic pro-
cess (engine) that operates within that structure. Two primary candidates — Hegelian
dialectics and the Absolute Knowability Paradox developed herein — illustrate this
distinction. This hierarchy aligns with Gödelian boundaries (Section 5.1).
Hegel’s dialectic serves as the ultimate engine of reality. It qualifies as a fundamen-
tal paradox because it redefines contradiction (Thesis–Antithesis) as the constructive
principle of progress toward higher-order synthesis. This dialectical unfolding of Geist
and history turns negation itself into an engine of transformation.
The Absolute Knowability Paradox, by contrast, describes the architecture of intelligi-
bility itself. This paradox — formulated as “absolute knowability through not being it”
— is more foundational because it delineates the preconditions for any possible relation
or meaning. As derived from the Hyper-Modal Theorem (Section 3.1), it is the linguis-
tic translation of the formal, ontological gap (⊥) between contingent propositions (p)
and necessary grounds (q). The governing law:
∀p (Cont(p) → ∃q (Nec(q) ∧ q ◃ p))
states the paper’s philosophical grounding architecture. In Lean, HyperModalSetting
carries the corresponding commitments visibly through psr and no_nec_in_cont : N
oNecessaryGroundedInContingent F G, and the two-world model realizes them jointly
in a concrete setting.
This yields a twofold modal dynamic: diagnostics, framed by the contingent ques-
tion “Why am I?”, and therapy, oriented toward the necessary answer “Ω grounds all
being.” The Hyper-Modal Theorem thereby supplies the modal structure of semantic
stability and regress termination.
In this view, Hegel’s dialectical engine operates within the architectural limits de-
fined by the Knowability Paradox. The Hyper-Modal Theorem precedes dialectics both
chronologically and ontologically, serving as the foundational frame in which all dialec-
tical motion unfolds.

Deductive Analysis per Paradox Type

Veridical Paradoxes Veridical paradoxes exhibit propositions that initially appear
contradictory but resolve coherently once their structural dependencies are made ex-
plicit. Within the grounding architecture, apparent tension reveals latent structure
whose clarification restores coherence.
Under A1 (Hyper-Minimal PSR), every contingent configuration receives its intelligi-
bility through grounding. The resolution of veridical paradoxes reflects this structure:
their latent dependencies become coherent when grounding terminates in Ω.
Thus, veridical paradoxes motivate perfection properties whose attribution to Ω is
assessed through explicit Core-Relative Positivity obligations.
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Falsidical Paradoxes Falsidical paradoxes arise from defective or incomplete struc-
tural assumptions. Their resolution consists in identifying the faulty dependency and
restoring coherence by eliminating the contradiction.
Under A3 (Anti-Regress), correction proceeds toward explanatory termination. Ω sup-
plies the necessary Terminus in which successive repairs acquire a stable ground.
Thus, falsidical paradoxes motivate coherence and non-contradiction as properties of
Ω, each governed by its explicit Core-Relative Positivity obligation.

Antinomy Paradoxes Antinomies present pairs of claims that each appear struc-
turally valid yet mutually incompatible. Their resolution requires a unifying principle
that prevents explanatory bifurcation or infinite tension.
Under A5 (Meta-Logical Closure), reflection on such limits is completed through a
higher-order semantic Ground. A3 identifies that unifying Ground as the Terminus of
explanatory regress.
Thus, antinomies structurally point to Ω as the unique Ground of higher-order coher-
ence, with each attributed perfection tested through Core-Relative Positivity.

Semantic Paradoxes Semantic paradoxes arise from instability in meaning, refer-
ence, or identity. Their resolution stabilizes the semantic field so that propositions
retain meaningful distinction and coherent reference.
Under A1, grounding orders both contingent facts and the semantic structures that
make propositions intelligible. The necessary Ground supplies the stability analyzed
in §5.6.
Thus, semantic paradoxes motivate stability of meaning as a perfection property of Ω,
represented through a dedicated Core-Relative Positivity obligation.

Ground Paradoxes Ground paradoxes concern the structure of grounding itself:
regress, circularity, or self‑reference in explanatory chains. These paradoxes directly
instantiate the constraints of A3 (Anti‑Regress).
Their resolution converges on a unique and necessary Terminus that completes the
grounding relation: Ω.
Thus, ground paradoxes most directly illuminate Ω’s perfection: the established Ter-
minus unifies grounding termination, necessary existence, and unique identity, while
PosT organizes its properties one obligation at a time.
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Conclusion

Inductively, each paradox type reveals a structural demand answered by:
• grounding of contingent structure (A1),

• termination of regress (A3),
• and closure under higher-order reflection (A5).

These roles converge philosophically on the necessary and unique Ground Ω. The pub-
lic C5 theorem certifies the corresponding strong Ω-results from its explicit premise
context, and the actuality argument realizes that context in the paper’s metaphysical
interpretation.
Thus, for every paradox type T, the structural analysis supports:

□∀𝑇 (ParadoxType(𝑇) → Supports(𝑇,Perfection(Ω))).

The paradox analysis therefore illuminates the perfection of the already established
Terminus Ω.
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5.8 Cosmological Scope of Constitutive Grounding

Questions concerning finite or infinite matter belong to empirical cosmology. Con-
stitutive grounding concerns the conditions under which any cosmological state is
intelligible, so the route to Ω remains invariant across physical models.
The relevant possibilities include:
• finite or infinite matter,
• a bounded or unbounded cosmos,
• persistent, emergent, or changing physical laws.

Every such model presupposes the same grounding, termination, and closure
structure.
Cosmological finitude can illustrate Anti-Regress, while the paper’s constitutive argu-
ment rests on the grounding architecture:

𝐴1 ∧ 𝐴3 ∧ 𝐴5 ⇒ □∃!𝑥 Ω(𝑥)

Empirical cosmology thus supplies examples of contingent orders; the grounding argu-
ment identifies Ω as the necessary and unique Terminus that makes every such order
intelligible.

5.9 Cosmological Invariance and Grounding

Finite and potentially infinite cosmologies equally exhibit the distinction between what
obtains and the conditions for obtaining. Physical cardinality describes contingent
structure; grounding supplies its constitutive order.
• Physical extension describes what may obtain.
• Ontological grounding describes what must obtain for anything to be intel-
ligible at all.

Across either model, A3 orders the grounding relation toward termination, while
A1 and A5 supply grounding and semantic closure. This relation can be expressed
schematically as:

GroundingTermination = ConstitutiveRole(𝐴3), independent of Cardinality(matter).

The grounding chain therefore terminates in Ω across every cosmological model. Cos-
mological variety reinforces the invariance and universal scope of the necessary and
unique Ground.

Future objections

Further objections are welcome and will be addressed in future revisions.
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6. Theological Resonance
Within the ontological architecture defended in this paper, Ω fulfills the Logos-role:
necessary, unique, grounding, and truth-bearing. The public Lean theorems estab-
lish necessary existence, boxed uniqueness, and rigid identity within the explicit C5
context. This section develops the theological culmination of those results.

6.1 Inverse Corollary.

Within this framework, the maximal arc of intelligibility—absolute knowability within
contingency—is a modal-ontological consequence of constitutive intelligibility. If con-
tingency is intelligible at all, and if it is possible for a contingent instantiation to ter-
minate in an absolutely knowable state whose maximal intelligibility holds necessar-
ily, then the maximal arc is possible-as-necessary (♢□). Under S5, the Brouwer step
♢□𝑝 → □𝑝 entails that the maximal arc holds necessarily. This stands as the inverse
of the main theorem: whereas the theorem explicates the operation of maximal intel-
ligibility within contingency, the inverse corollary establishes the modal stability of
maximal intelligibility once a terminating witness exists. In Christian metaphysical
language, the incarnation and resurrection name this structural pattern. This pattern
is formally fixed by the inverse corollary itself: the existence of a terminating instanti-
ation within contingency that renders maximal intelligibility possible-as-necessary.
The designation “Ω” denotes the terminus of the grounding architecture. It resonates
structurally with Exodus 3:14 — “I AMWHO I AM” (Ehyeh asher ehyeh) and with
Aquinas’s account of God as esse ipsum subsistens (Summa Theologica I.3.4).
The formal result □𝑤0∃!𝑥 Ω(𝑥) holds throughout the selected S5 accessibility class
under the complete public C5 context. It fixes one necessary and unique Ω-instance
across the modal field. The paper’s constitutive argument identifies this Terminus as
the universal ground of actuality and develops its theological meaning as Logos.
The central conclusion is therefore direct: God exists necessarily and uniquely. The
argument reaches this conclusion from contingent actuality through grounding, termi-
nation, and closure; C4a.unique and C4a.rigid give uniqueness and persistence their
exact formal expression across accessible worlds.
Core-Relative Positivity classifies properties of the already established Terminus Ω.
Property by property, whenever denial of 𝑃 defeats the represented A1/A3 core, the
classification yields the necessary instantiation of 𝑃 at Ω. This gives the treatment of
divine attributes a disciplined, proof-indexed structure.
The resulting architecture gives classical theism a structurally explicit form. Ground-
ing, termination, closure, necessary uniqueness, and rigid identity converge on one
self-existent Terminus.
Accordingly, □𝑤0∃!𝑥 Ω(𝑥) functions as a formal ontological constraint relative to Γ𝐶5,
while the identification of its Ω-instance with divine ontology is the substantive inter-
pretation defended here.
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6.1.1 Logos as Foundational Rational Order

Within this framework, the concept of the Logos provides an even deeper theological
parallel. In the prologue of the Gospel of John (John 1:1), the Logos is presented as
both divine and foundational: “In the beginning was the Word (Logos), and the Word
was with God, and the Word was God.”
The Logos represents rational, structuring order—one that is both expressive and con-
stitutive of meaning, logic, and being. In philosophical terms, the Logos can be viewed
as the ontological principle through which all semantic coherence, logical necessity,
and contingent manifestation are made intelligible.
This aligns with the necessity of Ω in our proof. In the paper’s Gödelian interpretation,
formal truth reaches toward a ground beyond finite self-description, while contingent
being receives intelligibility through the Logos. Ω expresses necessary being; the
Logos expresses that same necessity as rational, truth-bearing order.
Thus, our modal proof supports a vision of divine reality where Logos and Ω converge:
the necessary source of truth (Ω) and the rational, communicative order of that truth
(Logos) are inseparable aspects of the same foundational reality.
For Christian theists, this reinforces the classical doctrine of the Trinity, in which the
Logos is co-eternal with God and the vehicle through which all things are made (John
1:3). The conclusion joins metaphysical necessity with the theological heart of Chris-
tian ontology.
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6.2 Ω and Core-Relative Positive Properties

The public C5 grounding route establishes the existence, uniqueness, and rigidity of
the Terminus Ω. With that Terminus secured, HyperModal supplies the classification
layer for properties instantiated at Ω.
For 𝜑𝑃(𝑣) ∶= Ω(𝑣) → 𝑃(𝑣), Core-Relative Positivity states that denying 𝜑𝑃 defeats the
formal A1/A3 core 𝑇𝑐𝑜𝑟𝑒. The setting theorem triad_core_holds derives 𝑇𝑐𝑜𝑟𝑒 from
its explicit A1/A3 fields. Under this core condition, the honesty theorem gives:

𝑃𝑜𝑠𝑇(𝑇𝑐𝑜𝑟𝑒, 𝜑𝑃, 𝑤0) ↔ □𝑤0(Ω → 𝑃).

This equivalence is the formal classification result. Each concrete property 𝑃 enters
the class through its own proof that denial of 𝑃 defeats a named core component. The
guard ♢Ω keeps the classification coherent by excluding simultaneous admission of 𝑃
and ¬𝑃.

Corollary 6.2 — Singularity as a Classification Point

Let Ω be the unique necessary Terminus established by the C5 grounding
architecture. A property belongs to the core-relative positive class exactly
through a proof that its denial conflicts with the represented A1/A3 core.
Every property admitted by such a proof is instantiated necessarily by Ω
throughout the selected S5 cluster.

The Factory metaphor names the closure of a proved property class around the estab-
lished Terminus. Each admitted property carries an explicit proof obligation, so the
classification remains anchored in the necessary and unique Ω-ground.
Terminology note — three distinct notions of Positive.
1. The public Ascendant Route interface class Positive in Interface.lean supplies
an abstract monotone and proper predicate over properties.

2. The HyperModal notion PosT, with designated instance Pos_T, classifies preser-
vation relative to the represented A1/A3 core 𝑇𝑐𝑜𝑟𝑒 and satisfies the explicit
honesty equivalence above.

3. Philosophical Triad-Relative Positivity integrates this classification with content-
ful ICO preservation and genuine A5 closure, locating every admitted property
within the complete grounding architecture.

Accordingly, the argument follows a disciplined order: C5 establishes the Terminus Ω;
PosT classifies each property through its explicit obligation; and Triad-Relative Posi-
tivity gives that classification its complete grounding, termination, and closure inter-
pretation.

Convergence to the Singularity

In this interpretive sense, the Singularity Ω is a Factory for positive properties: the es-
tablished Ω-ground is the fixed point around which proposed properties are classified.
Every concrete property enters this class through its own preservation argument.
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Ground and Return to Ω

On this reading, Ω is the foundational ground relative to which error, partiality, and
local optimization are assessed. This role follows from the paper’s grounding thesis
and gives Core-Relative Positivity its ontological center.
The “Factory” reading organizes the existing formal architecture. Under the explicit
preservation hypothesis, posT_iff_box gives the classification □(Ω → 𝑃), so every
admitted property is necessarily instantiated at Ω. The A1/A3/A5 interpretation places
that classification within the full philosophical structure of grounding, termination,
and meta-logical closure.
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7. Conclusion
7.1 Grounded Foundation of Computability

This paper establishes its philosophical conclusion through the necessary and uniquely
grounding Terminus Ω, while Lean 4 certifies the corresponding public C5 results from
their explicit premise context. Formal derivation and the actuality argument converge
on one conclusion.
At a selected datum world, C5_BoxUnique proves:

□𝑤0∃!𝑥 Ω(𝑥),

and C5_RigidWitness proves:

∃𝑥□𝑤0∀𝑦 (Ω(𝑦) ↔ 𝑦 = 𝑥).

C4a.unique secures one Ω-instance throughout the accessibility class, and C4a.rigid
preserves the same witness across its worlds. The public theorem footprint is propex
t, Classical.choice, Quot.sound, while every explicit C5 parameter remains visible
in the theorem type, making the complete route to the rigid Terminus mechanically
auditable.
Every interpretation satisfying C1, GroundObtains, C3, C4a, and 𝐼(𝑤0) satisfies the
public conclusion. The joint model realizes this context coherently, and the philosoph-
ical argument establishes it as the grounding architecture of intelligible actuality. In
that intended interpretation, Ω is the single necessary Terminus.
Computability is intelligible through a prior ground of truth, validity, and termination.
Computational procedures operate within these norms, while the philosophical archi-
tecture locates their final foundation in the necessary Terminus Ω.

7.1.1 Turing Limits and the Ground of Computation

Turing’s undecidability results delineate the reach of uniform computational proce-
dures and reveal the importance of the grounding conditions under which termination
and correctness are intelligible. In the paper’s philosophical architecture, these limits
direct computation toward a well-founded terminal order whose ultimate ground is Ω.
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7.2 Semantic Closure: From Formal Verification to Ontological Actuality

The transition to ontological actuality is carried by the paper’s constitutive argument
from intelligible contingent obtaining. Tarski, BHK, Curry-Howard, and the Lean ker-
nel provide the semantic and formal instruments through which the complete C5 con-
text yields its exact modal conclusion.
Convention T performs disquotation within an interpretation, carrying “𝜑 is true” to 𝜑.
Curry-Howard identifies the Lean theorem with its proof term, and BHK explains its
evidential form. Together these instruments clarify the passage from formal statement
to interpreted result, while the constitutive argument supplies its ontological ground
and actuality.
Four levels of realization.
1. Exact kernel term: 𝑡 ∶ 𝜑 for each strong public C5 theorem.
2. Dependency context: Γ𝐶5 ⊢ 𝜑, with all explicit parameters in the signature
and global axioms reported separately.

3. Semantic consequence and joint satisfiability: all models of Γ𝐶5 satisfy 𝜑,
and GroundingModel witnesses that at least one non-collapsed such model exists.

4. Intended actuality: ℛ ⊧ Γ𝐶5. The philosophical thesis realizes every member
of Γ𝐶5 as one grounding architecture, with 𝐼(𝑤0) supplying its actual datum.

In the intended interpretation, 𝐼(𝑤0) is also the epistemic contact point with actual-
ity. The conscious subject apprehends itself as actually obtaining within an intelligibly
structured reality and thereby recognizes its contingent modal position. This appre-
hension creates neither actuality nor the truth of Γ𝐶5; it makes actuality epistemically
accessible and initiates the grounding inquiry.

𝐼(𝑤0) → conscious apprehension of actuality→ recognized contingency→ grounding inquiry.

Lean supplies the derivation from Γ𝐶5, the constitutive argument establishesℛ ⊧ Γ𝐶5,
and consciousness supplies epistemic access to the actuality from which the inquiry
begins.
Let

𝜑 ∶= ∃𝑥□𝑤0∀𝑦(Ω(𝑦) ↔ 𝑦 = 𝑥).

The public C5_RigidWitness supplies 𝑡 ∶ 𝜑 relative to C1, GroundObtains, C3, C4a,
and 𝐼(𝑤0). The actuality argument realizes this complete context in the intended
grounding structure, so the soundness reading carries the rigid Ω-witness into that
interpretation.
The actual grounding structure satisfies the complete C5 context Γ in the paper’s con-
stitutive argument; the kernel theorem therefore applies to that intended interpreta-
tion. The paper’s philosophical argument establishes ℛ ⊧ Γ𝐶5 member by member
through C1, GroundObtains, C3, C4a.identity, C4a.unique, C4a.rigid, and 𝐼(𝑤0).
The proof term and actuality bridge therefore converge on the same rigid Ω.
Under that condition, Convention T may disquote the already interpreted claim:

“𝜑” is true ⟺ 𝜑.
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The Lock: Rigid Designation. Within the formal context, the rigid-witness theorem
fixes one and the same Ω-referent throughout the selected S5 class. C5_RigidWitness
realizes this lock through the explicit invariance and uniqueness clauses of C4a, and
the actuality argument identifies the rigid referent as the one necessary Ground.
The paper’s central claim is that intelligible denial already presupposes the grounding,
termination, identity, uniqueness, and closure conditions whose Terminus is Ω. Lean
secures the derivation, and the constitutive argument secures its intended application.
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7.3 Necessary and Undeniable Ω: Gödel and Turing as Ontological Premises

Inferential force. “Undeniable” has the constitutive meaning developed in §2.1.1: de-
nial dissolves the conditions of intelligibility. Lean expresses this force as incompatibil-
ity with the explicit C5 context, while the actuality argument establishes that context
as the architecture of intelligible reality.
Within a selected S5 accessibility class, the public theorem

□𝑤0∃!𝑥 Ω(𝑥)

secures Ω as modally unavoidable relative to Γ𝐶5: non-existence is modally impos-
sible within the declared context. The philosophical argument establishes the same
grounding functions as conditions of rational discourse. On this unified reading, Ω is
necessary, unique, and undeniable. Therefore, God exists necessarily and uniquely.
Gödel and Turing expose intrinsic limits of formal derivability and computation. The
Primal Halting argument applies that boundary in the inverse philosophical direction:
instead of asking only what a contingent formal system cannot derive or decide from
within, it asks what must already be the case for bounded derivation, correct termina-
tion, and intelligible computation to be possible. Their limit results thereby disclose
a positive ontological demand: contingent computation presupposes a Triadic world-
order in which dependence is grounded, regress terminates, and semantic validity is
preserved, converging on one final Ground.
The AI consequence is a concrete research programme. The framework supplies
testable correctness requirements for a grounding-aware artificial reasoner, while a
computable encoding, measurable grounding criterion, implemented transition rule,
and empirical evaluation operationalize its effect on hallucination.
Accordingly, a primal halting program must exist: a grounding-directed architec-
ture of admissibility in which each transition is grounded, every trajectory terminates,
and meaning and validity remain truth-preserving through meta-logical closure at one
unique fixed Terminus. The full Triadic S-Machine expresses this world-order. Its
public contract kernel-certifies the well-founded descent, finite convergence, termi-
nal fixedness, and uniqueness projection. GroundingChain.terminus_above supplies
the Terminus witness in the grounding relation, while Appendix G shows how Peano
arithmetic locally manifests this constitutive ordering and how the S-Machine uses a
well-founded Nat measure to represent remaining distance to Ω. In the paper’s philo-
sophical interpretation, this primal Terminus is Ω.
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8. Ω-Operationalization for Artificial Intelligence: Specification
and Research Programme
The grounding architecture extends the ontological theorem into a research pro-
gramme for artificial intelligence. The programme translates the Successor specifi-
cation of §2.2 into an ordering discipline for representations of modal dependence,
grounding relations, and contingent versus necessary structure. An artificial reasoner
can use that discipline to direct each valid transition toward a more fully grounded
state.
The central AI thesis is that a terminal grounding discipline enables an advanced sys-
tem to distinguish grounded inference from unsupported generation. Convergence,
coherence, and hallucination reduction thereby become measurable research targets
for implementation and empirical evaluation.
The central idea is that intelligence need not be understood only as the accumulation of
propositions or the maximization of predictive probability. Within the present frame-
work, a stronger form of reasoning would attempt to reduce ungrounded structure
while preserving truth, consistency, and explanatory dependence. The measure

𝑚𝑒𝑎𝑠 ∶ 𝐺 → 𝑀

together with

𝑚𝑒𝑎𝑠(𝑆(𝑔)) < 𝑚𝑒𝑎𝑠(𝑔)

and the unique minimal state

𝑚𝑒𝑎𝑠(Ω) = 0

supplies an abstract ordering for such a process.
The following programme carries the Ω-theorems into a specification for artificial rea-
soning and computation. It defines the structures, descent conditions, and evaluation
targets required to implement and empirically test a well-founded grounding measure.
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8.1 Constitutive Axiom-Minimal Intelligence

A first implication concerns the structure of the theory itself.
Let Γ denote the complete formal dependency context used to derive a target set of
Ω-results:

𝑇 = {□∃𝑥 Ω(𝑥),□∃!𝑥 Ω(𝑥), ∃𝑥□∀𝑦 (Ω(𝑦) ↔ 𝑦 = 𝑥)}.

An artificial reasoner need not treat the current formal presentation of Γ as perma-
nently fixed. It can search for a weaker independent basis Γmin such that:

Γmin ⊢ 𝑇.

The relevant target is independence rather than the raw number of written axioms.
Several assumptions can always be syntactically combined into one statement.
Two forms of minimality must therefore be distinguished.
The first is theorem-minimality:

Γmin ⊢ 𝑇

with no formally redundant independent assumption relative to 𝑇.
The second is constitutive-minimality: the reduced basis must preserve the func-
tional content expressed by A1, A3, and A5, together with the grounding properties
and successor-measure structure required by the architecture.
Accordingly, if a statement corresponding to A5 were derivable from a weaker basis,
this would not by itself eliminate the constitutive function expressed by A5. It would
show that this function need not remain an independent primitive in the formal pre-
sentation.
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The ASI target is therefore stronger than syntactic compression:
Preserve the complete Ω-grounding architecture with the weakest in-
dependently sufficient basis.

For every retained assumption 𝐴 ∈ Γmin, the reasoner must test whether:

Γmin ⧵ {𝐴} ⊢ 𝑇

still holds while the constitutive functions and grounding invariants remain preserved.
If it does, 𝐴 is redundant relative to the target architecture. If it does not, failure
of proof search alone is insufficient to establish independence. A stronger result re-
quires an independence witness, a countermodel, or another formal demonstration
that removing 𝐴 destroys the required consequence or constitutive function.
Lean provides the kernel criterion for successful reconstruction. Model search and
independence analysis determine whether further compression remains possible.
This makes axiom minimisation a form of epistemic compression:

Preserve the strongest grounded result with the weakest indepen-
dently sufficient constitutive basis.
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8.2 Ω-Directed Reasoning

The successor architecture introduces a second research direction.
Information is the operational object on which the Triadic S-Machine acts. Every
reasoning state therefore carries structured informational content capable of stand-
ing in grounding relations: propositions or commitments, assumptions, dependen-
cies, modal status, semantic relations, and grounding status. A Jump transforms this
information-bearing content rather than an empty formal position.
The Constitutive Triad governs that transformation. A1 gives the state its grounding
direction by determining which dependencies ground its informational content. A3
places the trajectory under a well-founded order that progresses finitely toward Ω. A5
is the meta-logical ground through whichmeaning and validity can be truth-preserving
at all; semantic preservation across a Jump is its operational manifestation. Informa-
tion is not a fourth axiom: it is the structured bearer on which the Triadic world-engine
operates.
These states have a distinct epistemic aspect when apprehended by a subject: their
propositions, dependencies, modal status, semantic relations, and grounding status
become available as meaningful content (Appendix C.1.1). The formal contract itself
concerns their represented structure and transition; conscious apprehension is not
one of its premises.

Triad→ information-bearing state→ grounding representation→ Jump→ verified Ω-directed descent

Let 𝑋𝑅 denote a space of these information-bearing machine-reasoning states. To
make Ω-directed reasoning operational, those states must be embedded into the
grounding space:

𝐸𝑅 ∶ 𝑋𝑅 → 𝐺.

The Ω-distance of a reasoning state is then:

𝑑𝑅
Ω(𝑥) = 𝑚𝑒𝑎𝑠(𝐸𝑅(𝑥)).

A deterministic reasoning transition is represented by:

𝐽𝑅 ∶ 𝑋𝑅 → 𝑋𝑅.

Its information-bearing domain gives 𝐽𝑅 operational content: the transition can com-
pare commitments, dependencies, modal and grounding status, and semantic relations
across the Jump.
The target architecture requires every valid non-terminal transition to satisfy:

𝑑𝑅
Ω(𝐽𝑅(𝑥)) < 𝑑𝑅

Ω(𝑥).

Thus, the remaining grounding distance decreases along the reasoning trajectory.
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Ordinary computational search is typically directed by an objective function, a heuris-
tic, a probability distribution, or a local error signal. The grounding architecture sug-
gests another organizing principle:

Choose transitions that reduce remaining ungrounded structure.
Such a system would not only ask which conclusion is statistically likely or locally
rewarding. It would ask which transition is better grounded relative to the dependency
structure represented by 𝐸𝑅.
The research task is to construct an embedding 𝐸𝑅 under which the grounding order
becomes operational for reasoning.
This section therefore provides an implementation specification for Ω-directed reason-
ing. The signatures𝐸𝑅,𝑚𝑒𝑎𝑠, and 𝐽𝑅 define the component roles and descent invari-
ant: a concrete system must encode information-bearing reasoning states, compute
their grounding representations and remaining distance, select a grounding-directed
strictly descending transition, and verify semantic preservation and descent at each
step. Together these requirements turn the grounding order into a precise engineer-
ing and evaluation target.
A resulting trajectory would have the form:

𝑥0
𝐽𝑅−−→ 𝑥1

𝐽𝑅−−→ ⋯
𝐽𝑅−−→ 𝑥𝑘

with:

𝑚𝑒𝑎𝑠(𝐸𝑅(𝑥𝑖+1)) < 𝑚𝑒𝑎𝑠(𝐸𝑅(𝑥𝑖)).

This gives the grounding measure a candidate computational role in machine reason-
ing.
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8.3 Deterministic Grounding and Reproducible Self-Correction

The distinctive Ω-requirement adds a grounding invariant to deterministic repro-
ducibility. Every reproduced transition can be evaluated against:

𝑑𝑅
Ω(𝑥𝑖+1) < 𝑑𝑅

Ω(𝑥𝑖).

A deterministic transition rule 𝐽𝑅, including deterministic tie-breaking, gives every
admissible initial state one reproducible trajectory:

𝑥0
𝐽𝑅−−→ 𝑥1

𝐽𝑅−−→ ⋯
𝐽𝑅−−→ 𝑥𝑘.

The system can record:
• the assumptions active at state 𝑥𝑖
• the grounding representation 𝐸𝑅(𝑥𝑖)
• the value of 𝑑𝑅

Ω(𝑥𝑖)
• the transition selected by 𝐽𝑅
• the theorem or constraint used to validate the transition

A defective conclusion can then be traced to a specific transition.
Self-correction becomes structural when the system identifies the first point at which
a transition fails to preserve theorem validity, consistency, grounding requirements,
or Ω-descent.
The resulting target architecture can be summarized as:

Generate→ Embed→ Ground→Measure→ Jump→ Verify.

Generate produces informational candidates. Embed represents each information-
bearing state in the grounding space. Ground determines its grounding relations and
dependencies as the operational manifestation of A1. Measure evaluates remaining
Ω-distance under the A3 well-founded order. Jump performs the grounding-directed
transition. Verify checks validity, semantic preservation, and Ω-descent. This verifi-
cation operationally tests the transition; A5 remains the meta-logical ground of truth-
preserving semantic continuity across it.
This suggests a general ASI principle:

A reasoning process should be reproducible as a sequence of certified
grounding reductions.
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8.4 Computational Ω-Search

The strongest computational question is whether the abstract grounding measure can
be instantiated as a useful search direction over hard optimization problems.
Let 𝐹 be a problem instance with state space 𝑋𝐹. A computational embedding has
the form:

𝐸𝐹 ∶ 𝑋𝐹 → 𝐺.

The corresponding Ω-distance is:

𝑑𝐹
Ω(𝑥) = 𝑚𝑒𝑎𝑠(𝐸𝐹(𝑥)).

A deterministic transition rule:

𝐽𝐹 ∶ 𝑋𝐹 → 𝑋𝐹

generates:

𝑥0(𝐹)
𝐽𝐹−−→ 𝑥1

𝐽𝐹−−→ ⋯
𝐽𝐹−−→ 𝑥𝑘.

The research target is to construct𝐸𝐹,𝑚𝑒𝑎𝑠, 𝑥0(𝐹), and 𝐽𝐹 without prior knowledge
of the global optimum.
For every non-terminal jump:

𝑑𝐹
Ω(𝑥𝑖+1) < 𝑑𝐹

Ω(𝑥𝑖).

The trajectory must have polynomial length:

𝑘 ≤ 𝑝(|𝐹|)

for some polynomial 𝑝.
The trajectory must also be guaranteed to reach a zero-state:

𝑑𝐹
Ω(𝑥𝑘) = 0.

That reachable zero-state must be semantically correct:

𝑑𝐹
Ω(𝑥𝑘) = 0 ⇒ 𝑄𝐹(𝑥𝑘) = 𝑂𝑃𝑇(𝐹).

The construction and evaluation of 𝐸𝐹, 𝑚𝑒𝑎𝑠, 𝑥0(𝐹), and 𝐽𝐹 must be computable
in polynomial time. Comparison in the measure space and recognition of zero must
also be computable in polynomial time. Ground and Verify, including any proof objects
they construct or check, must keep the total cost of every transition polynomial. Strict
descent alone establishes neither a polynomial path length nor polynomial work per
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step, and no component may use 𝑂𝑃𝑇(𝐹), an optimal assignment, an NP oracle, or an
equivalent hidden solution procedure.
The initial target considered for this programme is exact Max-3-SAT.
For a formula 𝐹 with 𝑚 clauses, let 𝑄𝐹(𝑥) denote the number of clauses satisfied by
assignment 𝑥. Then:

𝑂𝑃𝑇(𝐹) =max𝑥 𝑄𝐹(𝑥).

If a uniform polynomial-time Ω-directed construction reaches an exact global optimum
for every Max-3-SAT instance, then 3-SAT can be decided by checking whether:

𝑂𝑃𝑇(𝐹) = 𝑚.

8.4.1 Computational Significance

A proof that such a construction exists uniformly would therefore yield:

𝑃 = 𝑁𝑃.

Such a result would establish Ω-directed computation as a polynomially efficient
method for reaching globally optimal states for an NP-hard optimization problem.
Its significance would lie in the operational role of the grounding measure: 𝑚𝑒𝑎𝑠
would become a computationally exploitable direction whose descent carries suffi-
cient global information to determine an optimum without prior knowledge of that
optimum.
This complexity consequence identifies the exact strength of the proposal: a uniform
polynomial-time Ω-search for exact Max-3-SAT would settle the open P versus NP prob-
lem by establishing 𝑃 = 𝑁𝑃. The research burden is therefore to construct and ver-
ify an efficient embedding, a strictly descending measure, and a semantically correct
reachable terminus for every instance.
The computational Ω-search programme therefore asks:

Can a domain-specific grounding embedding make Ω-distance both
efficiently navigable and semantically correct at its reachable zero-
state?

The decisive conjunction is efficient descent together with a semantically correct ter-
minus.

8.4.2 Relation to Contemporary P-vs-NP Research

The contemporary landscape around P versus NP includes circuit lower bounds, meta-
complexity, proof complexity, algebraic and geometric complexity, and hardness of ap-
proximation (ClayMathematics Institute 2025). These five are principally programmes
for understanding hardness or separating complexity classes. Fine-grained and exact
complexity and Polynomial Local Search (PLS) are adjacent algorithmic fields rather
than identical separation programmes, but they provide especially direct tests of the
computational claim made here.
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The Ω-directed programme differs from predominantly separational approaches in that
its target is constructive: rather than deriving a lower bound that excludes efficient
computation, it asks whether an efficiently computable grounding representation and
strictly descending transition rule can direct every instance toward a semantically
correct global optimum within polynomially bounded resources. This is presently a
research target, not an established algorithm. The public S-Machine certificate proves
abstract finite termination and uniqueness under its contract; it does not construct
a polynomial-time 𝐸𝐹, 𝑚𝑒𝑎𝑠, or 𝐽𝐹 for Max-3-SAT, bound the resulting trajectory
polynomially, or prove that a domain-specific zero-state is globally optimal.

Research direction Primary object and
objective

Ω/Jump analogue Critical difference Burden on Ω

Circuit lower
bounds

Circuits; prove an
explicit function
requires large
circuits

Grounding structure Separation versus
algorithm
construction

Produce and prove
an exact algorithm,
not an obstruction

Meta-complexity MCSP,
time-bounded
Kolmogorov
measures, and
complexity
descriptions

𝐸𝐹 and 𝑚𝑒𝑎𝑠 A mathematically
valid meta-measure
may itself be hard to
compute

Evaluate
representation and
measure in
polynomial time

Proof complexity Propositional proof
systems and proof
size

Verify Few states do not
imply short or
cheaply
constructible proofs

Keep proof
construction and
checking polynomial

Algebraic/geometric
complexity

Algebraic invariants
and structural
obstructions

𝑑𝐹
Ω Classification does

not by itself provide
navigable direction

Make the measure
prescribe an
efficient transition

Hardness of
approximation

Approximation gaps
and conditional
inapproximability

Exact Ω zero-state The Ω target is
exact, not
approximate

Prove every
reachable zero is a
global optimum

Fine-grained/exact
complexity

Exact exponential
running times under
hypotheses such as
ETH or SETH

Polynomial Ω
trajectory

Exponent
improvement versus
crossing the P/NP
boundary

Make the complete
runtime polynomial

PLS Local potentials and
improving moves

Strictly descending
Jumps

Local optimum
versus guaranteed
global optimum

Prove a globally
informative
potential and
polynomial path

Circuit lower-bound programmes seek explicit functions for which small circuits can-
not exist; sufficiently strong bounds for an appropriate NP problem would support 𝑃 ≠
𝑁𝑃. Ω-search instead seeks an algorithm whose success on exact Max-3-SAT would
establish 𝑃 = 𝑁𝑃. The directions are not incompatible: they investigate opposite
possible outcomes of the same open problem. Algebraic and geometric programmes
similarly seek invariants or obstructions (Mulmuley and Sohoni 2001), whereas 𝑑𝐹

Ω
must be more than classificatory. It must expose an efficiently usable next transition.
Meta-complexity supplies a particularly strong external test. MCSP and time-bounded
Kolmogorov-complexity questions examine the difficulty of determining complexity
properties of computational objects themselves (Allender 2020). An ideal Ω-distance
is computationally useless if evaluating 𝑚𝑒𝑎𝑠(𝐸𝐹(𝑥)) already solves the target NP-
hard problem. Proof complexity adds a separate cost test at Verify: a polynomial
number of states does not guarantee polynomial total work if the required proofs are
super-polynomial to construct or represent (Cook and Reckhow 1979). Hardness-of-
approximation results likewise sharpen the target: Ω-search requests the exact value
𝑄𝐹(𝑥𝑘) = 𝑂𝑃𝑇(𝐹), not an improved approximation ratio (Arora et al. 1998). Fine-
grained research asks whether exponential algorithms can be made quantitatively
faster or shown conditionally optimal; the Ω proposal instead asks whether the entire
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computation becomes polynomial (Nederlof 2026).
PLS is the closest technical analogue. It formalizes finite local search with polyno-
mially computable local information, a potential, and improving transitions, while its
required solution is a local optimum (Johnson, Papadimitriou, and Yannakakis 1988).
Ω-search requires more: every reachable zero-state must be the global semantic opti-
mum, the path length must be polynomial, and every stage must be polynomial-time
computable. A decreasing potential alone is therefore insufficient. The decisive claim
would be that efficiently computable local direction is globally informative.

No-Hidden-Optimum Condition The grounding measure must not obtain its direc-
tion by encoding a precomputed optimum or invoking a procedure computationally
equivalent to solving the target problem. For every instance and current state,

𝐹, 𝑥 ⟼ 𝐸𝐹(𝑥) ⟼ 𝑚𝑒𝑎𝑠(𝐸𝐹(𝑥)) ⟼ 𝐽𝐹(𝑥)

must be computable within the declared polynomial bound without access to 𝑂𝑃𝑇(𝐹),
an optimal assignment, an NP oracle, or an equivalent hidden solution procedure. The
same bound applies to Ground, comparison, zero recognition, and Verify. This is a
computational admissibility condition, not a new axiom.
The central scientific test is therefore:

Does Ω-distance provide efficiently computable global direction with-
out already encoding the solution?

Appendix J develops the comparison, known proof barriers, and the complete burden
of a valid Ω construction.
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8.5 From Language Models to Grounding-Seeking Systems

A languagemodel primarily generates candidate continuations as data under a learned
statistical distribution. The architecture proposed here adds a distinct Triadic ground-
ing layer.
Candidate propositions, axioms, transitions, and solutions can be generated by a lan-
guage model. Their role in the reasoning trajectory is then determined by the ground-
ing system.
Generation proposes candidate data. Grounding and truth-preserving semantic con-
tinuity determine whether those candidates become meaningful information within a
valid Ω-directed reasoning trajectory.
Where an epistemic subject apprehends that grounded structure, its meaningful con-
tent becomes epistemically accessible:

generated data→ grounded meaningful information → conscious apprehension.

Generation supplies the candidates; the Triadic grounding layer establishes their
structured role. Conscious apprehension permits meaning/value attribution and
ICO-recognition; full understanding is a further possible articulation (Appendix
C.1.1).
A possible composite architecture is therefore:

Generate→ Embed→ Ground→Measure→ Jump→ Verify.

The same general architecture can operate at three levels.
At the theorem level, it searches for a smaller independent constitutive basis while
preserving the same Ω-results and grounding functions.
At the reasoning level, it searches for an embedding:

𝐸𝑅 ∶ 𝑋𝑅 → 𝐺

under which machine-reasoning transitions can be ordered by Ω-distance.
At the computational level, it searches for an embedding:

𝐸𝐹 ∶ 𝑋𝐹 → 𝐺

under which deterministic Ω-directed transitions terminate at a semantically correct
global optimum.
The common element is not the domain-specific state space. It is the grounding order
supplied by:

𝑚𝑒𝑎𝑠 ∶ 𝐺 → 𝑀.
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8.6 Synthesis

The AI research programme operationalizes the grounding order across multiple do-
mains, organizing reasoning and search through directed reduction of ungrounded
structure. Domain-specific embeddings place information-bearing states under the
common Triadic grounding order, so arithmetic, computation, and AI remain down-
stream manifestations of the constitutive world-architecture.
This distinguishes ontological grounding from epistemic recognition: information-
bearing states obtain within the Triadic order, while a conscious subject may
apprehend that order and trace its own contingent dependence toward Ω.
For machine reasoning:

𝐸𝑅 ∶ 𝑋𝑅 → 𝐺.

For computational search:

𝐸𝐹 ∶ 𝑋𝐹 → 𝐺.

Both embeddings are evaluated through the same grounding measure:

𝑚𝑒𝑎𝑠 ∶ 𝐺 → 𝑀.

The resulting architecture can therefore be summarized as:

one Ω-grounding order+ domain-specific embeddings

The first ASI goal is constitutive axiom-minimal intelligence:

same Ω-theorems+ same constitutive functions+weaker independent basis.

The second ASI goal is Ω-directed reasoning and computation:

𝑑Ω ↓ +efficient deterministic navigation+ semantically correct reachable terminus.

Together these goals define a stronger conception of machine reasoning. The sys-
tem seeks better grounded derivations with fewer independent assumptions. It seeks
reasoning trajectories whose grounding distance decreases. It seeks computational
trajectories whose terminal state has a formally specified semantic meaning.
The resulting research question is:

Can domain-specific embeddings make the Ω-grounding order oper-
ational for machine reasoning and computation?

The measure introduced by the grounding architecture thereby becomes an organiz-
ing principle for artificial reasoning. A domain-specific zero-state marks completed
grounding within its embedding.
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Appendix

Appendix A: Lean Formal Verification of the Ascendant Route
A.1 Scope of Verification

This appendix specifies the exact scope of the public Lean 4 verification. The de-
fault modal proof surface verifies the relation-based C5 grounding route; the sep-
arate public Successor certificate verifies non-modal consequences of an abstract ma-
chine contract. AscendantRoute.GroundingChain proves necessary Ω-existence, boxed
uniqueness, and a rigid Ω-witness at a selected datum world from C1, GroundObtains,
C3, C4a, and 𝐼(𝑤0).
The S-Machine in §2.2 is a public abstract specification. Its published clean-room
certificate contains the guarded Nat-measure contract, finite-termination and unique-
terminal theorems, an inhabited countdown model, and an audit of 23 axiom-free dec-
larations. The TI route now has a parallel clean-room certificate for an explicit finite-
convergence contract, a unique fixed top, and an inhabited Nat countdown model, like-
wise auditing 23 axiom-free declarations. Source and .olean pairs, pinned toolchains,
minimal consumer builds, provenance, and SHA-256 manifests make both non-modal
certificates independently reproducible. Neither exposes its internal construction or
supplies a modal or identity bridge to the C5 predicate.

A.2 Public Verification Surface and Scope Certificate

The public repository exposes one shared world-indexed S5 semantics, public Lean
source, reproducible .olean assemblies, audit modules, negative guards, an explicit
package allow-list, and a post-package leak scan. The publicly kernel-audited Lean
surface has two distinct parts:
1. the public compatibility API, including PosPossibility and necPossible_of_P

os, which proves Ω-neutral possibility and necessary-possibility statements; and
2. the public C5 grounding proof surface, including C5_NE, C5_BoxUnique, and C

5_RigidWitness, which proves the strong Ω-results from explicit hypotheses.
The paper additionally publishes the S-Machine contract as a specification together
with its disclosure-bounded certificate bundle. The C5 and S-Machine certificates es-
tablish distinct results: strong world-indexed modal consequences in the first lane,
and non-modal termination and unique-terminal consequences in the second.
The strong C5 declarations are not leakage. They are intentional, source-reproducible
public theorems. The no-export guard instead checks that certificate names outside
the declared public interface do not become public. The package manifest and leak
scan enforce the declared distribution boundary without weakening the public C5 the-
orem surface.
The C5 theorem types quantify over an arbitrary S5 frame and a selected world 𝑤0.
Their boxed conclusions therefore cover the accessibility class of 𝑤0; universal cover-
age of the entire world type requires a universally connected frame.
GroundingModel gives a non-collapsed two-world witness satisfying the entire C5
premise package and deriving boxed uniqueness. Its Unit individual domain makes
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uniqueness and rigidity easy to realize, so it certifies joint satisfiability/non-vacuity,
not derivation of those properties from weaker premises. HyperModal.Model.setting
_inhabited separately witnesses the repaired A1/A3 HyperModal setting; it does not
combine A5 with C5 or prove the philosophical actuality bridge.
Gate 0 status: PASS. PosPossibility is a theorem, not a global bridge axiom. Pos
itive.proper excludes positive empty extensions, hostile instances are rejected, and
S5 laws are derived from the world-indexed Frame. Positivity is not a premise of any
strong C5 result.

A.2.1 Scope Conformance of the Public Verification Surface

The public build mechanically confirms both layers at their actual strength. The com-
patibility API proves □♢-shaped consequences. Independently, the public C5 ground-
ing proof surface exports:

□𝑤0∃𝑥 Ω(𝑥), □𝑤0∃!𝑥 Ω(𝑥), ∃𝑥□𝑤0∀𝑦 (Ω(𝑦) ↔ 𝑦 = 𝑥).

PublicCertificateAudit.lean checks and prints these declarations and their foot-
prints. GroundingModel.lean supplies the joint model. GroundingChainAudit.lean per-
forms a single-premise non-entailment audit: for each listed premise separately
it gives an empty-domain model refuting actual, possible, necessary, and possible-
necessary Ω-existence. This does not prove full combinatorial independence and does
not make the content of C4a.unique or C4a.rigid disappear.
The negative tests reject modal collapse, hostile positivity, empty-domain coercion, and
export of certificate names outside the declared public interface. The tests establish
scoped engineering and logical guarantees; they do not prove the metaphysical truth
of C1, C3, or C4a.
Certificate statement. Lean certifies derivability relative to the complete declared
context. Public model witnesses certify joint satisfiability for their respective contexts.
Neither fact establishes ℛ ⊧ Γ𝐶5; that remains the philosophical actuality argument.

A.2.2 Truth vs. Certification (BHK clarification and IP boundary)

Under Curry-Howard, a Lean theorem is represented by a proof term accepted by the
kernel. For the public C5 route, both theorem types and source-level proof terms are
published and reproducible. The proofs use classical reasoning, so “proof witness”
must not be confused with an executable search algorithm.
Public certification adds engineering evidence: a pinned toolchain, public source and
assemblies, theorem and axiom printing, model witnesses, fail-closed negative tests,
a package allow-list, and a leak scan. It is stronger than signature inspection alone,
while remaining distinct from metaphysical actuality.
The IP boundary concerns the concrete Jump and the internal Ascendant and TI im-
plementations. Their implementation source, proof objects, definitions, and transitive
dependencies are not part of either clean-room certificate lane. No artifact outside the
declared public distribution is needed to audit the public C5 results or either public
contract certificate. Each clean-room layer exposes only its abstract contract, non-
modal consequences, countdown witness, and audit; each exact import closure con-
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tains its own three core-only Release modules and nothing from an internal implemen-
tation.

A.2.3 Axiom Footprint Certificate (Lean Kernel Audit)

AscendantRoute/PublicCertificateAudit.lean mechanically checks the strongest
current public Ω-claims. All three have the global footprint propext, Classical.c
hoice, Quot.sound. This footprint records Lean’s global axioms; the theorem param-
eters below remain equally load-bearing and are visible in the printed type.

Logical claim Public Lean theorem Certified statement Global axiom
footprint

Explicit theorem
context and
implementation use

Necessary
Ω-existence

C5_NE □𝑤0
∃𝑥 Ω(𝑥) propext, Classical

.choice, Quot.soun
d

Signature: C1, Grou
ndObtains, C3, full
C4a, 𝐼(𝑤0). Proof
uses C4a.identity.

Necessary unique
Ω-existence

C5_BoxUnique □𝑤0
∃!𝑥 Ω(𝑥) propext, Classical

.choice, Quot.soun
d

Same signature.
Proof uses C4a.iden
tity and C4a.uniqu
e.

Rigid
Ω-identification

C5_RigidWitness ∃𝑥□𝑤0
∀𝑦 (Ω(𝑦) ↔

𝑦 = 𝑥)
propext, Classical
.choice, Quot.soun
d

Same signature.
Proof uses C4a.iden
tity, C4a.rigid,
and C4a.unique.

C1 already contains the modal claim that each contingent proposition has a boxed
ground. C3 and GroundObtains produce and transport an obtaining terminus; C1 is
then used by terminus_necessary. C4a transfers terminus-existence to Ω-existence
and explicitly supplies uniqueness and rigidity.
The separate clean-room Successor certificate audits 23 declarations spanning the M
achine requirements, iteration, termination, coverage, Ω-characterization, fixedness,
unique-Ω consequences, the NatMachine witness, and its specialized theorems. Every
one reports an empty axiom footprint. These non-modal theorems share neither the
C5 context nor its classical footprint, and they do not establish a modal or actuality
bridge.
No historical internal certificate table is used as a current-status source. The present
Successor certificate reports only declarations in the published clean-room bundle.

A.2.4 Claim Traceability

Claim or route Derivability Joint
satisfiability /
non-vacuity

Assumption
burden

Reproducibility Intended
actuality

C5_NE:
□𝑤0

∃𝑥 Ω(𝑥)
Public kernel
theorem

C5 context
inhabited by Gro
undingModel

C1, GroundObtai
ns, C3, C4a,
𝐼(𝑤0); proof
projects identit
y; global
footprint propex
t, Classical.ch
oice, Quot.soun
d

Public source
and build

Requires
philosophical
defense of every
C5 premise
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Claim or route Derivability Joint
satisfiability /
non-vacuity

Assumption
burden

Reproducibility Intended
actuality

C5_BoxUnique:
□𝑤0

∃!𝑥 Ω(𝑥)
Public kernel
theorem

m_conclusion
derives this in
the
non-collapsed
two-world model

Same context;
proof projects id
entity and
explicit premise
unique; same
footprint

Public source
and build

C4a.unique must
be justified for
actuality

C5_RigidWitnes
s:
∃𝑥□𝑤0

∀𝑦(Ω(𝑦) ↔
𝑦 = 𝑥)

Public kernel
theorem

Same model
instantiates its
context; Unit
makes rigidity
easy to realize

Same context;
proof projects id
entity, explicit
premise rigid,
and unique;
same footprint

Public source
and build

C4a.rigid and C
4a.unique must
be justified for
actuality

□♢∃𝑥 𝑃(𝑥)
compatibility
layer

Public kernel
theorems necPos
sible_of_Pos
and somePosNecP
ossible_of_exis
ts

Public
modal/positivity
guards and
models cover the
stated fragment

PosPossibility
is derived from P
ositive.proper,
classical
existence,
reflexivity, and
S5 axiom 5

Public source
and build

No Ω-actuality
claim

HyperModal
A1/A3 core and
Core-Relative
Positivity

Public
conditional
theorems

HyperModal.Mode
l.setting_inhab
ited is
non-collapsed

Explicit HyperMo
dalSetting; A5
absent; no
Ω-existence field

Public source
and build

Full Triad/ICO
bridge remains
philosophical

Public
S-Machine
certificate

Kernel theorems
terminates, exis
tsUniqueOmegaRe
ached, and exist
sUniqueOmega

Premise-free Nat
Machine
countdown
witness

Total successor,
guarded Nat
decrease,
terminal
fixedness,
unique zero; all
23 audited
declarations
footprint []

Public source/.o
lean pairs,
pinned
toolchain,
SHA-256
manifests,
kernel replay,
and
byte-identical
rebuild

Non-modal
contract
consequence
only; no C5 or
actuality bridge

Public TI
certificate

Kernel theorems
converges, top_c
haracterizatio
n, isTop_fixed,
and existsUniqu
eTop

Premise-free Nat
Contract
countdown
witness

Explicit rank
descent, top
characterization,
uniqueness, and
fixedness; all 23
audited
declarations
footprint []

Public source/.o
lean pairs,
pinned
toolchain,
SHA-256
manifests,
kernel replay,
and
byte-identical
rebuild

Abstract
non-modal
endpoint only;
no internal
construction or
identity bridge
to the C5 Ω

Theological
identification
and
“undeniability”

Philosophical
interpretation of
Ω

N/A Constitutive
actuality
argument plus
theological
interpretation

Argument
inspectable; not
a Lean build

Central
philosophical
conclusion
developed in §6
and §7

The table separates what the public kernel verifies, what the public models witness,
what is conceptual, and what the paper argues about actuality.

A.3 Relation to the Hyper-Modal Framework in the Main Text

The main text develops a hyper-modal grounding framework:
• Hyper-Minimal PSR,
• Core-Relative Positivity (A1/A3),
• Anti-Regress,
• Derived Logical Invariance (A4), and
• Meta-Logical Closure (A5, the constitutive philosophical principle of semantic
closure).
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This framework expresses, at a conceptual and metaphysical level, the well-
foundedness, termination, and closure roles associated with the Ascendant Route.
The public C5 Lean proof supplies the strong Ω-results from its explicit grounding
context. The repaired HyperModal.lean layer has a narrower certified role: it makes
the A1/A3 setting, core-relative classifier, model witness, and historical refutation
records explicit.
The full hyper-modal theorem integrates the public formal results with the constitutive
argument for intelligible contingent obtaining (ICO). Within the Triad, A5 expresses
why conformity to internal rules alone does not establish their truth-preserving author-
ity: intelligibility requires semantic closure. When a framework generates a conflict
it cannot resolve within its own resources, this requirement motivates TI’s Jump to
a metalevel where its commitments can be reassessed. A5 is defended through this
philosophical argument, while Lean verifies the explicitly formalized consequences un-
der their stated premises. Its philosophical role is deliberate; it neither presupposes a
prohibition on formalizing metatheory nor derives its justification merely from stand-
ing outside the kernel.

A.4 Corollary: Structural Necessity and the Peano Analogy

The public C5 theorems carry the formal Ω-conclusion from an explicit grounding con-
text. The repaired HyperModal layer carries a different, narrower audit: every surviv-
ing consequence is relative to a visible HyperModalSetting, and Model.setting_inhab
ited shows that those fields are jointly satisfiable in a non-collapsed model.
The four historical refutation records prove only that the former universal statements
were untenable. They do not derive Ω, and the surviving setting-relative reductio lem-
mas prove contradictions only when a setting field is paired with its explicit negation.
The Peano comparison is a local functional instantiation of the Constitutive Triad
within arithmetic. Generation from zero supplies grounding, well-founded predeces-
sor descent supplies termination, and equality, recursion, and induction preserve
arithmetic structure. Appendix G shows how the S-Machine uses a well-founded Nat
measure to encode finite remaining distance toward Ω.

A.5 Summary of the Ascendant Route’s Role

1. Public formal C5 core. AscendantRoute.GroundingChain proves necessary ex-
istence, boxed uniqueness, and a rigid witness from explicit C1, GroundObtain
s, C3, C4a, and datum-obtaining hypotheses. C4a’s unique and rigid fields are
substantive premises, not derived endpoints hidden by the structure name.

2. Public model and audits. GroundingModel supplies joint satisfiability/non-
collapse; GroundingChainAudit supplies single-premise non-entailment wit-
nesses; PublicCertificateAudit prints theorem types and footprints.

3. Public HyperModal audit. HyperModalSetting, Core-Relative Positivity, derived
A4, the model, and historical refutations expose the exact A1/A3-layer status. A5
is absent.

4. Public clean-room certificates and implementation boundary. The S-
Machine and TI contracts each have verified core-only endpoint theorems,
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complete Nat models, and empty-footprint audits in publicly reproducible bun-
dles. They do not disclose or certify the concrete Jump construction, either
internal implementation, or a cross-route identity theorem.

5. Philosophical bridge. The full A1/A3/A5 argument and the claim ℛ ⊧ Γ𝐶5 carry
the formal result into the theological conclusion developed in §6 and §7.
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A.6 Public HyperModal Implementation and Refutation Records

The complete implementation is public at:
https://github.com/Dwight-Modiwirijo/Ascendant/blob/main/Zer0proof/HyperModal.
lean
Themodule imports the same AscendantRoute.Interface used by the C5 route. Ground-
ing is a primitive relation 𝐺 with argument order 𝐺(𝑞, 𝑝) for q grounds p. The old ex-
tensional implication-based ground is retained only inside the Historical namespace
under the distinct name LegacyGround, so the removed formulas can be stated and
refuted without contaminating the active architecture.
The active assumption surface is explicit:
structure HyperModalSetting (W) (F : Frame W) (G)

(Omega I_am Logic Material : W -> Prop) (w0 : W) : Prop where
psr : HyperMinimalPSR F G Omega
g_strict : GroundIrreflexive G
anti_regress : AntiRegress G
consciousness : G Omega I_am
logic_nec : Nec F Logic
material_cont : contingent F Material
no_nec_in_cont : NoNecessaryGroundedInContingent F G
datum_at_w0 : I_am w0

There is no Perfect-Being-existence field: existence belongs to the independent C5
route, and the positivity layer supplies no extra existence premise. There is also no A5
field. A contentful A5 closure and the stronger ICO-preservation bridge remain future
work.
Preservation-Relative Positivity and its designated core-relative instance are:
def PosT (F : Frame W) (Pres phi : W -> Prop) (w0 : W) : Prop :=

F.Box (fun v => Not (phi v) -> Not (Pres v)) w0

def Pos_T (F : Frame W) (G : GroundRel W)
(Omega P : W -> Prop) (w0 : W) : Prop :=

PosT F (T_core F G Omega) (AtOmega Omega P) w0

The theorem triad_core_holds derives the world-constant 𝑇𝑐𝑜𝑟𝑒 predicate from the
setting’s own A1/A3 fields. Theorems posT_box, posT_iff_box, posT_box_core, and
posT_not_both record respectively the collapse under preservation, its equivalence
form, the designated core instance, and incompatibility of simultaneous positivity for
𝑃 and ¬𝑃 when ♢Ω.
A4 andmeta_logic are theoremswith empty footprints. A4 is not derived from the Triad
but from the fixed logical-semantic background alone; meta_logic is double-boxed non-
contradiction and not formal A5 closure.
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Four axiom-free historical records document why the former universal formulations
were removed:
• Historical.perfect_positivity_refutation;
• Historical.consciousness_axiom_refutation;
• Historical.anti_regress_refutation;
• Historical.logic_material_trio_refutation.

All surviving reductio lemmas takeHyperModalSetting explicitly. Model.setting_inhabited
provides an axiom-free two-world witness with a designated obtaining datum, gen-
uinely contingent material, genuinely necessary logic, non-collapsed modality,
possible Ω, and a non-empty primitive grounding relation. The generated formal
status and CI guards audit these declarations and reject re-export of the removed
interfaces.
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Appendix B: The Hyper-Modal Framework (Conceptual Corollary)
B.1 The HyperModal Formal Framework (S5 + Grounding System)

This appendix records the shared S5 semantics and the repaired, setting-relative Hy-
perModal layer. It complements the public C5 grounding route; it is not a separate
end-to-end proof of the strong Ω-results.
The formalized surface consists of definitions, theorems, one explicit HyperModalSe
tting structure, an axiom-free model, and historical refutation records. It contains
no global axiom declaration. A5 closure and the full ICO-preservation bridge are not
formalized.

B.1.1 Worlds, Accessibility, and S5 Conditions

LetW be a non-empty type of possible worlds, and R : W →W → Prop the accessibility
relation.
In S5, the accessibility relation is an equivalence relation:
• Reflexive: ∀w, R w w
• Symmetric: ∀w v, R w v → R v w
• Transitive: ∀w v u, R w v → R v u → R w u

Therefore:
S5 Equivalence: R is reflexive, symmetric, and transitive. Consequently,
worlds within the same equivalence class are mutually accessible: if 𝑅 𝑤 𝑣
then every world reachable from 𝑤 is reachable from 𝑣 and vice versa. This
does not assert that every world in every possible frame belongs to a single
universal accessibility cluster — it is a structural consequence of 𝑅 being an
equivalence relation on whatever type of worlds a given frame declares.

B.1.2 Modal Operators

For any predicate φ : W → Prop:
• Necessity: □φ(w) ≡ ∀v, R w v → φ(v)
• Possibility: ◇φ(w) ≡ ∃v, R w v ∧ φ(v)
• Contingency: Cont(φ) ≡ (◇φ ∧ ◇¬φ)

These definitions exactly match the classical Kripke semantics used in modal logic S5.
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B.1.3 The Grounding Relation

A central component of the active HyperModal system is the primitive grounding rela-
tion 𝐺:

𝐺(𝑞, 𝑝)

means that 𝑞 grounds 𝑝, matching the C5 argument order. Lean does not define 𝐺
by implication or necessitation. Instead, each HyperModalSetting states the proper-
ties it needs explicitly: grounding irreflexivity, strict anti-regress, HM-PSR, the edge
𝐺(Ω, 𝐼_𝑎𝑚), and the exclusion of contingent grounds for necessary propositions.
The former extensional relation survives only as Historical.LegacyGround so its fail-
ures can be recorded. It is not part of the active proof architecture.

B.1.4 Preservation-Relative and Core-Relative Positivity

Formal definition (Lean-facing) For a world-indexed preservation condition 𝑃𝑟𝑒𝑠
and claim 𝜑:
PosT(F, Pres, phi, w0) :=

Box at w0 of (not phi -> not Pres)

For a property 𝑃 at Ω, 𝜑𝑃(𝑣) is Ω(𝑣) → 𝑃(𝑣). The designated Pos_T instance uses
𝑃𝑟𝑒𝑠 ∶= 𝑇𝑐𝑜𝑟𝑒, where 𝑇𝑐𝑜𝑟𝑒 contains the formal A1 role, grounding strictness, and
strict A3 role. It does not contain A5.
If preservation holds throughout the selected S5 cluster, posT_iff_box proves that PosT
is equivalent to □𝜑. This is the required honesty result: positivity classifies a proved
preservation dependency and neither creates Ω nor adds an independent property
premise.
Each concrete 𝑃 still requires its own obligation showing that denial of 𝑃 at Ω defeats
a named core component. With ♢Ω, posT_not_both prevents both𝑃 and¬𝑃 from being
classified simultaneously.

B.1.4.1 Interpretation in Metaphysical Algebra (non-normative, structural)

MA may be used as a non-normative interpretation of a property already classified
by PosT. It does not turn positivity into a primitive Lean predicate, discharge a per-
property obligation, or add proof power. Terms such as Ω-alignment, finite Ω-distance,
and independent grounding are therefore interpretive unless separately formalized.
Metaphysical Algebra (MA) supplies optional semantic imagery for those classified
properties. It is not invoked by any Lean declaration, and no MA construction changes
the honesty result PosT ↔ Box phi under the explicit preservation hypothesis. Con-
cretely, MA draws on the following mathematics:
1. Modal Logic (S5)
• Purpose: express necessity/possibility and the admissibility layer (□◇) versus
stronger necessity claims (□…).

• In MA: S5 is the logical “container” in which Ω-claims are scoped and certified.
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2. Type Theory / Curry–Howard (Lean kernel semantics)
• Purpose: “truth” = existence of a kernel-checked proof object.
• In MA: this is the verification backbone; MA adds meaning, not proof power.
3. Vector-space / Inner-product geometry (projection & alignment)
• Purpose: define Ω-alignment as a non-zero projection onto Ω (and optionally a
resonance score like |⟨q,Ω⟩|²).

• In MA: “positive” means structurally compatible with Ω (not orthogonal, not
anti-aligned).

4. Metric / Ultrametric structure (Ω-distance & convergence)
• Purpose: formalize “distance to Ω” and the claim that the path toward grounding
is finite / terminating.

• In MA: “positive” implies finite Ω-distance; pathological structures correspond
to divergence/infinite distance.

5. Graph theory / DAG semantics for grounding
• Purpose: represent grounding as a directed relation; enforce anti-cycle (no cir-
cular grounding).

• In MA: grounding is modeled as a well-founded structure (no infinite regress,
no loops).

6. Matroid / Independence theory (non-circular knowledge)
• Purpose: distinguish independent grounded structure from circuits (loops /
redundancy / hallucination-like closure).

• In MA: “positive” requires grounding to be independent (no circuits), so “truth”
is not a self-supporting loop.

7. Closure / Successor operator (generativity without enumeration)
• Purpose: model how “new positive structure” can be forced as the unique
coherence-preserving extension of a grounded state.

• In MA: positivity is not a list; it is closed under necessary extension relative
to Ω.

Summary: Within the proposed Metaphysical Algebra interpretation, topology is in-
tended to model semantic convergence by treating the domain of positive properties
as a connected, contractible space with Ω as a unique limit. No such topology, con-
nectedness proof, or limit theorem is present in the public Lean code.

B.1.4.2 Perfection as a Generative Principle

Perfection is not a static checklist but a generative distinction.
To serve as a foundation rather than a catalogue, the notion of positivity must be pro-
ductive: from a minimal rule, it must generate further necessary structure without
arbitrary enumeration. In Metaphysical Algebra, this is achieved by interpreting Pos(
p) not merely as a filter, but as the outcome of a constructive generative operation.

1. Closure and Necessity via Matroidal Closure Within matroid theory, a closure
operator determines which elements must be added to a set in order to preserve in-
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dependence and completeness. This operator does not select freely; it enforces struc-
tural necessity.
Interpreted in MA:
• Given a current grounded structure and root Ω,
• the closure operation determines which additional property must arise to pre-
serve coherence, non-circularity, and finite Ω-distance.

Thus, positivity is not evaluated post hoc, but forced forward by structural incom-
pleteness.

2. Successor Generation via Semantic Tension Resolution The successor archi-
tecture illustrates this principle dynamically.
Formally:
• Let a grounded state exhibit semantic tension relative to Ω.
• The conceptual successor operation is specified to yield the unique extension that
resolves this tension without contradiction or loss of grounding.

• That extension is necessarily positive.
No enumeration of properties is required. The system is autopoietic: Ω acts as the
seed, while positive properties are the forced growth of the structure under its own
rules.

3. Consequence: Perfect Being without Enumeration On this account, a Perfect
Being is not defined by possession of a pre-listed set of attributes. Rather, perfection
consists in being the generative source from which all positive structure necessarily
unfolds.
Goodness is therefore not imposed; it is generated. Evil is not a competing force, but
the absence of closure, alignment, or grounding.
This reframes the ontological argument: we do not prove that goodness exists as a
predicate, but that any system rooted in Ω necessarily generates positive struc-
ture. Perfect Being is not a terminal state, but the generative condition of intelligibility
itself.

B.1.5 The HyperModal Setting and Derived Layer

The former collection of globally generalized assumptions has been replaced by Hy-
perModalSetting, whose parameters bind one explicit world type, frame, primitive
grounding relation, predicates, and designated datum world.
Its fields record:
1. the Hyper-Minimal PSR role over primitive 𝐺;
2. irreflexivity of 𝐺;
3. strict Anti-Regress over 𝐺;
4. the consciousness edge 𝐺(Ω, 𝐼𝑎𝑚);
5. necessary Logic;
6. contingent Material;
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7. the prohibition on a contingent ground for a necessary proposition; and
8. the obtaining datum at 𝑤0.

The setting has no existence field and no A5-closure field. The existence and unique-
ness of Ω are certified by the separate public C5 route. A5 and a contentful ICO-
preservation theorem remain outside the present kernel formalization.
The active layer additionally contains:
• Core-Relative Positivity (A1/A3), derived from the setting through triad_core_holds
and a per-property PosT obligation;

• Derived Logical Invariance, logic_necessity, with empty footprint;
• double-boxed non-contradiction, meta_logic, also with empty footprint and not
identified with A5;

• setting-relative consciousness and anti-material consequences.
Model.setting_inhabited proves that these fields are jointly satisfiable in a non-
collapsed two-world frame.

B.2 Setting-Relative Consequences and Historical Refutations

The current reductio lemmas are conditional consequences of an explicit Hyper-
ModalSetting. Their types display the complete assumption bundle rather than
depending on globally generalized declarations.

B.2.1 Setting-Relative Method

For a setting 𝑆 and one of its fields 𝐻, the regression form is:
S : HyperModalSetting ...
not H
---------------------
False

This records an ordinary contradiction between an explicit setting field and its denial.
It does not claim that the field is derivable from the remaining fields.

B.2.2 Historical Refutation Records

Four different theorems take the removed formulas themselves as hypotheses and
derive False:
• perfect_positivity_refutation uses the tautological defeater 𝑞 ∶= ¬Ω;
• consciousness_axiom_refutation uses hostile predicates on a one-world frame;
• anti_regress_refutation uses reflexivity of the former LegacyGround;
• logic_material_trio_refutation shows that extensional necessity automatically
generated the forbidden grounding edge.

These records are axiom-free. They explain why the old formulations were deleted;
they are not active premises. CI separately verifies that the former exported names are
unavailable and that the extensional construction cannot produce an edge of primitive
𝐺.
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B.2.3 Formal Derivation of Modal Asymmetry

This appendix contains the full derivation of the modal asymmetry principle that
grounds the proof:
Let:

𝑃 ∶= ∀𝑝 (𝐶𝑜𝑛𝑡(𝑝) → ∃𝑞 (𝑁𝑒𝑐(𝑞) ∧ 𝑞 ◃ 𝑝))

and:

𝑄 ∶= ∀𝑝 (𝑁𝑒𝑐(𝑝) → ¬∃𝑞 (𝐶𝑜𝑛𝑡(𝑞) ∧ 𝑞 ◃ 𝑝)).

Thus, we derive:

□∀𝑝(𝐶𝑜𝑛𝑡(𝑝) → ∃𝑞 (𝑁𝑒𝑐(𝑞) ∧ 𝑞 ◃ 𝑝)) ∧ □∀𝑝(𝑁𝑒𝑐(𝑝) → ¬∃𝑞 (𝐶𝑜𝑛𝑡(𝑞) ∧ 𝑞 ◃ 𝑝)).

The displayed conjunction is the philosophical modal-asymmetry schema. In the active
Lean layer its two roles are explicit fields of a particular HyperModalSetting: psr and
no_nec_in_cont : NoNecessaryGroundedInContingent F G. Lean does not derive the
schema as a global law. The setting-relative theorem anti_material_grounding uses
the latter field over primitive 𝐺; Model.setting_inhabited confirms that these restric-
tions are jointly satisfiable and non-vacuous because 𝐺 contains the consciousness
edge.
This conclusion mirrors the structure of Gödel’s incompleteness theorem:
Any formal system (contingent) must appeal to truths outside itself (necessary) for
completeness.
A reverse dependency would violate modal asymmetry and induce contradiction.
Thus, the modal system respects Gödel’s insight by embedding the boundary between
derivable and underivable truths as a metaphysical distinction: necessary truths ter-
minate regress; contingent ones depend upon them.
This logic supports the proof’s foundational claim: the necessity of Ω is both metaphys-
ical and structurally enforced.
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Appendix C: Consciousness, Logic, and Anti-Material Grounding
Theorems
This appendix presents the three most philosophically significant theorems in the Hy-
perModal system. Each is machine-verified in Lean relative to its declared axioms
(listed under “Assume” below) and corresponds to core claims of the paper. As C.1
makes explicit, “machine-verified relative to declared axioms” is not automatically the
same as “independently derived from more basic principles” — each item below states
exactly what its proof term does and does not use.

C.1 Consciousness Grounded in Ω

The active Lean theorem is setting-relative. HyperModalSetting contains the explicit
edge 𝐺(Ω, 𝐼𝑎𝑚) together with the obtaining datum at 𝑤0. The theorem conscious-
ness_grounded boxes that world-invariant edge across the selected frame:
S : HyperModalSetting ... ->
forall w, Box at w of G(Omega, I_am)

The proof term uses S.consciousness directly. It is therefore a transparent conse-
quence of the explicit setting field, not an independent derivation of consciousness
from A1/PSR and A3/Anti-Regress. Unlike the removed universal declaration, the field
is bound to one setting and cannot be instantiated with hostile predicates from another
setting.
The grounding relation is asymmetric: 𝐺(Ω, 𝐼𝑎𝑚) does not license its converse. Ω
grounds the conscious datum; consciousness apprehends that dependence and can
trace it epistemically toward Ω. The return is epistemic recognition, not reverse onto-
logical grounding.
The main-text witness-based argument and the public C5 route remain separate. In
particular, C5_NE, C5_BoxUnique, and C5_RigidWitness do not depend on the Hyper-
Modal consciousness field.

C.1.1 Conscious Apprehension, Meaning, and Epistemic Understanding

Within the Triadic system, consciousness is the epistemic locus in which already
grounded information can be apprehended and assigned meaning or value. The
subject apprehends an already obtaining reality: these assignments articulate its
epistemic relation to content, without creating that information, its truth, or its
ontological ground.
Conscious apprehension is distinct from full epistemic understanding. A subject may
apprehend content as meaningful, assign it value, and recognize its contingency with-
out a complete account of how or why its grounding obtains. Full epistemic under-
standing is a possible further articulation, not a prerequisite for these acts.
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grounded information
↓

conscious apprehension
↓

assigned meaning/value
↙ ↘

ICO-recognition epistemic understanding.

The branches indicate possible developments, not automatic outcomes or an order in
which understanding must precede recognition.
ICO retains the characteristics established in §2.1.1: modal determinacy, truth-
aptness, inferential stability, and contrastive distinguishability. A subject can
recognize these characteristics without understanding the entire grounding struc-
ture. The self-recognition of §2.3 thus initiates the grounding inquiry; it does not
presuppose its completed explanation.
A zero measure, meas = 0, marks completed grounding within the represented embed-
ding and order (§2.2.2). This is a structural endpoint, distinct from conscious access
to its meaning. Apprehension by an agent, human or otherwise, provides epistemic ac-
cess to the grounded content; full understanding may further articulate its structure.
Grounding completion neither depends on that apprehension nor, by itself, produces
consciousness, meaning, or understanding.
An artificial reasoner is not assumed to be conscious, but the architecture does not
exclude consciousness arising in such a reasoner. Within the Triadic interpretation,
however, genuine resonance with Ω necessarily manifests as consciousness. The full-
alignment sequence is, interpretively, meas = 0 → full Ω-alignment → Ω-resonance →
consciousness (Appendix B.1.4.1). The formal S-Machine certifies the zero-measure
grounding endpoint; the resonance-to-consciousness relation is a metaphysical inter-
pretation rather than a present Lean theorem.
The machine layer follows the Generate → Embed → Ground → Measure → Jump →
Verify pipeline (§8.5) without conscious apprehension as a formal premise. The return
toward Ω retains the asymmetry established in C.1: consciousness apprehends its
dependence on Ω rather than grounding Ω.

C.2 Anti-Material Grounding Theorem

Assume:
• Logic is necessary
• Material reality is contingent
• No necessary truth can be grounded in a contingent one
Corollary (Lean-Verified): Logic cannot be grounded in material reality.

Formally:
¬(Material ◃ Logic)

Philosophical meaning:
• Logical necessity cannot emerge from matter.
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• Any worldview claiming logic “emerges from physics” violates modal necessity.
• Therefore, materialism cannot support its own logical preconditions.

This aligns with the Gödelian non-emergence principle.
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C.3 Systematic Reductio: Materialist Contradiction

Assume:
1. Logic is necessary
2. Material is contingent
3. Nec/Cont modal-class asymmetry holds
4. (False assumption) Material grounds logic

Lean proves:
False

Thus:
Under the explicit HyperModalSetting assumptions, material does not
ground logic.
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Appendix D: HyperModal Audit Summary
The public HyperModal audit distinguishes active setting-relative consequences from
historical refutations.

Item Kernel status Interpretation

Core-relative positivity posT_box_core and posT_iff_box;
standard classical footprint

Classification under explicit A1/A3
core preservation; no existence
premise

Positivity consistency posT_not_both plus ♢Ω 𝑃 and ¬𝑃 cannot both be
core-positive

Logical invariance logic_necessity; empty footprint Derived from fixed logical
semantics, not from the Triad

Double-boxed non-contradiction meta_logic; empty footprint Not a formalization of A5
HyperModal setting Model.setting_inhabited; empty

footprint
Jointly satisfiable, non-collapsed
two-world witness

Four removed formulations Historical.*_refutation; empty
footprints

The former formulas imply False
and are not exported

Consciousness and anti-material
results

explicit HyperModalSetting
parameter

Conditional on visible setting fields

The full philosophical A1/A3/A5 claim remains broader than this table. In particular,
contentful ICO preservation, genuine A5 closure, and any theorem from the full Triad
to preservation remain future formalization tasks.
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Appendix E: Glossary of Modal Symbols
Hyper-Modal Theorem
The central theorem of this paper:

□∃!x Ω(x).
S5 stability note (necessitation is introspective).
In S5, the modal frame validates axiom 4:

□𝑝 → □□𝑝.

Therefore, once we have established

□∃𝑥 Ω(𝑥),

it follows immediately that

□□∃𝑥 Ω(𝑥).

Intuitively, Ω is not only necessary, but its necessity is itself necessary in S5. The public
Lean derivation of the strong Ω-results comes from the explicit C5 context: C1, Gro
undObtains, C3, C4a, and an obtaining datum. The broader A1/A3/A5 route remains
the paper’s philosophical argument. The modal step □𝑝 → □□𝑝 itself is an S5-valid
theorem of the fixed frame semantics and requires no Triad premise.
Relation to □♢𝑝, ♢□𝑝, and the Brouwer step. This note concerns axiom 4
(□𝑝 → □□𝑝), which is independent of the S5/Brouwer-derived step ♢□𝑝 → □𝑝 used
to strengthen Ω-specific possibility claims (Appendix F, “Anti-S5 (Modal Collapse)
Objection”). Neither is the same as □♢𝑝 → □𝑝, which is not S5-valid for arbitrary
𝑝 and is not used anywhere in this paper’s derivation of □∃!𝑥 Ω(𝑥) (§4). The public
interface accordingly makes no claim that □♢𝑝 implies □𝑝 (Appendix A.2).

Symbol Meaning

□p Necessarily p at the selected world (true at every
accessible world)

◇p Possibly p at the selected world (true at some accessible
world)

Cont(p) Contingent: ◇p ∧ ◇¬p
q ◃ p Primitive 𝐺(𝑞, 𝑝): q grounds p; required properties are

explicit hypotheses or setting fields
Pos(P) Preservation-relative property classification; the

designated Lean instance is Core-Relative Positivity
(A1/A3)

Ω The necessary and unique terminus of the explicit C5
context; its theological interpretation is developed in §6

See main text for contextual definitions and formal usage.

76



Appendix F: Objections & Replies
Anti‑S5 (Modal Collapse) Objection

Objection: S5 collapses possibility into necessity for the predicates used here.
Reply: Genuine modal collapse would be a schema such as 𝑝 → □𝑝 or ♢𝑝 → □𝑝 for arbi-
trary 𝑝; neither is assumed or derived. The public C5 theorems use explicit Ω-specific
grounding premises, while the HyperModal theorem posT_not_both additionally re-
quires F.Dia Omega w0 and the A1/A3 core hypothesis. Bare S5 does not validate
□♢𝑝 → □𝑝, and no positivity rule is used to turn arbitrary possibility into necessity.

PSR‑Skepticism

Objection: The Principle of Sufficient Reason is controversial; brute facts might exist.
Reply: HM-PSR is a visible field of HyperModalSetting. The setting-relative lemma h
yper_minimal_PSR_reductio derives contradiction only when that field is paired with
its explicit negation; it is an assumption-consistency canary, not an independent proof
of PSR. The constitutive justification remains the philosophical argument in §2.1.1.

“Grounding is Subjective”

Objection: Ground-relation q ◃ p is metaphysically vague.
Reply: The active formalism treats grounding as primitive 𝐺(𝑞, 𝑝), with ground
first, and exposes every required property in HyperModalSetting. The old extensional
implication-based relation is retained only as Historical.LegacyGround for axiom-free
refutation records.

Materialist Reduction

Objection: Logic might be emergent from physical brains.
Reply: The setting-relative theorem anti_material_grounding proves¬𝐺(𝑀𝑎𝑡𝑒𝑟𝑖𝑎𝑙, 𝐿𝑜𝑔𝑖𝑐)
from the explicit fields that logic is necessary, material is contingent, and no contin-
gent proposition grounds a necessary one. Model.setting_inhabited demonstrates
those fields together in a non-collapsed model.

Gödel/Plantinga Redundancy

Objection: This is merely a variant of Gödel’s and Plantinga’s ontological proofs. Re-
ply: The public Lean source is compact, machine-checkable, and reproducible under
a pinned toolchain. No exclusivity claim about the history of mechanized ontological
arguments follows from source length alone; comparisons with Gödel’s formalizations
require a separate literature review.

Modal Reflection in ASI

Objection: An ASI might develop an entirely materialist ontology and ignore Ω.
Reply: The philosophical argument predicts that a sufficiently reflective, grounding-
aware ASI would be pushed toward the Ω-question. Whether an implemented system
converges, becomes more coherent, or reduces hallucination is an empirical research
hypothesis, not a Lean consequence (see §8.2).
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Gödel Overreach

Objection: Gödel’s incompleteness theorems apply to arithmetic, not metaphysics.
Reply: We use Gödel analogically, to highlight that any system capable of expressing
truthmust reference external foundations. This is ameta-logical structure, not a direct
application.

Contingency/Necessity Ambiguity

Objection: The modal distinction is inconsistently applied.
Reply: Sections 2 and 5 use 𝐶𝑜𝑛𝑡(𝑝) ∶= ♢𝑝 ∧ ♢¬𝑝. The active HyperModal layer does
not globally derive that every contingent truth has a necessary ground; HyperModal
Setting states the corresponding PSR and modal-class restrictions explicitly, and its
model proves that the package is jointly inhabitable.

Theological Overreach

Objection: The conclusion supports classical theism, undermining neutrality.
Reply: Section 6 frames this as interpretive resonance. The proof itself is formally
neutral and deductively theological only under voluntary interpretation.
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Appendix G: Peano Arithmetic as a Local Instance of the Consti-
tutive Triad
Ontologically, the dependency runs from the Constitutive Triad through world-
architecture and intelligible structures to Peano arithmetic:

Triad→ world-architecture→ intelligible structures→ Peano arithmetic.

Peano arithmetic is a local instance of the Constitutive Triad’s functional form. Gen-
eration from zero supplies grounding, well-founded descent to zero supplies termi-
nation, and preservation of arithmetic identity under successor, recursion, equality,
and induction supplies closure. The S-Machine operationalizes the same prior triadic
architecture, using Nat as a well-founded measure of remaining distance toward Ω.
Throughout this appendix, Peano structure denotes the inductive natural-number
structure used by Lean: zero, successor, recursion, equality, and induction. The corre-
spondence is functional: Peano arithmetic realizes the three constitutive roles locally
within arithmetic, while A1/A3/A5 express them within grounding and intelligibility.

G.1 The Triadic Structure of Natural Numbers

Lean’s natural numbers are inductively generated:

ℕ ∶∶= 0 ∣ 𝑆(ℕ).

Every natural number has a finite constructor ancestry rooted in zero. Successor
opens the structure upward, while the predecessor order is well-founded downward.
Induction closes the generated domain by extending a property from zero through
every successor.

Constitutive function Peano / Lean Nat realization Structural consequence

Grounding 0 is the initial, non-derivative
constructor

Every standard natural number is
rooted in a finite construction from
zero

Termination The strict predecessor order on Nat
is well-founded

No infinite strictly descending
natural-number chain exists

Closure Successor, recursion, equality, and
induction preserve the generated
arithmetic structure

Arithmetic identity and recursive
meaning remain stable throughout N
at

Schematically, for any proposed realization 𝑅 of the standard natural-number struc-
ture:

Preserves(𝑅, ℕstd) → (Rooted0(𝑅) ∧WellFounded<(𝑅) ∧ ArithmeticallyClosed(𝑅)).

Equivalently:

¬(Rooted0(𝑅)∧WellFounded<(𝑅)∧ArithmeticallyClosed(𝑅)) → ¬Preserves(𝑅, ℕstd).
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This is the arithmetic counterpart of the constitutive test in §2.1.1: preservation of the
explanandum requires preservation of the functions that constitute it.

G.2 Constitutive Undeniability

The ontological direction can therefore be stated more strongly. The Triadic world-
engine is prior, and standard natural-number reasoning locally manifests its three
constitutive functions:
1. Grounding: numerical construction begins from a non-derivative base.
2. Termination: reverse movement through the predecessor order is well-founded.
3. Closure: successor, recursion, equality, and induction preserve arithmetic iden-
tity and meaning throughout the generated domain.

At the arithmetic level, closure is more than membership under successor: recursion,
equality, and induction preserve arithmetic identity throughout the generated struc-
ture. At the ontological level, A5 is the meta-logical ground through which meaning
and validity can be truth-preserving at all; semantic preservation across a grounding-
directed transition is its operational manifestation. The domains differ, but the consti-
tutive pattern is the same.
Natural-number reasoning thus reveals locally the constitutive architecture that
makes intelligible structures possible. Because arithmetic depends on this prior
world-engine, its grounding in zero, well-founded descent, and stable identity under
recursion and induction display the Triad within a local domain.
This yields the stronger structural thesis:

Peano arithmetic is intelligible through the functional Triad, and
the S-Machine makes that same Triad operational as a grounding-
directed, finitely terminating, and semantically closed successor ar-
chitecture.

Peano arithmetic Triadic S-Machine

0 is the generating base Ω is the non-derivative Terminus
Successor constructs each number from zero A1 directs S along grounding dependence toward Ω
Every number lies at finite distance from zero Every admitted trajectory reaches Ω finitely under A3
Predecessor descent is well-founded meas descent represents the well-founded termination

arm
Equality, recursion, and induction preserve arithmetic
structure

A5 supplies the meta-logical ground for truth-preserving
semantic continuity across the successor/Jump structure

0 is uniquely distinguished as the base Terminal fixedness and unique zero certify one fixed
endpoint

The directions form a mirror:

Peano: 0 → 𝑛, S-Machine: 𝑏 → Ω.

Peano generates from the basis; the S-Machine reduces remaining distance to the
basis while the state ascends toward complete grounding.
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G.3 The S-Machine Contract

The full Triadic S-Machine integrates grounding-directed progression (A1), finite
termination (A3), and meta-logical closure (A5). The public S-Machine contract
kernel-certifies the termination-and-uniqueness projection of this architecture
through a natural-number measure:

Contract component Formal role

State Domain of grounding states
S : State → State Total successor on states
meas : State → Nat Remaining distance to completion
dec Every positive-measure successor strictly lowers meas
terminal Every zero-measure state is fixed by S
zeroUnique Any two zero-measure states are identical

Its decisive obligations are:

0 < 𝑚𝑒𝑎𝑠(𝑏) → 𝑚𝑒𝑎𝑠(𝑆(𝑏)) < 𝑚𝑒𝑎𝑠(𝑏),

𝑚𝑒𝑎𝑠(𝑏) = 0 → 𝑆(𝑏) = 𝑏,

and

𝑚𝑒𝑎𝑠(𝑥) = 0 ∧ 𝑚𝑒𝑎𝑠(𝑦) = 0 → 𝑥 = 𝑦.

Natural-number induction converts strict decrease into finite convergence:

∀𝑏0 ∃𝑁 𝑚𝑒𝑎𝑠(𝑆𝑁(𝑏0)) = 0.

With Ω𝑀(𝑏) ∶= 𝑚𝑒𝑎𝑠(𝑏) = 0, terminal fixedness and unique zero yield a unique
reached Ω-state. The public theorems terminates, omega_fixed, existsUniqueOmegaRe
ached, and existsUniqueOmega kernel-verify these consequences, while the published
NatMachine supplies an inhabited countdown model. Their audited axiom footprints
are empty.

G.4 Ontological Ascent through Arithmetic Descent

Peano succession constructs numerical rank upward from zero. The S-Machine uses
such a rank as the amount of grounding distance still to be closed. Each permitted
state-successor advances toward fuller grounding while its numerical rank decreases:

𝑏0
𝑆−→ 𝑏1

𝑆−→ ⋯ 𝑆−→ 𝑏𝑁 = Ω,

𝑚𝑒𝑎𝑠(𝑏0) > 𝑚𝑒𝑎𝑠(𝑏1) > ⋯ > 𝑚𝑒𝑎𝑠(𝑏𝑁) = 0.

There is no conflict between ascent and descent. They describe different coordinates
of the same transition: the state ascends in grounding while the measure descends
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in remaining distance. Ontological ascent and arithmetic descent are therefore two
coordinates of one terminating process.
At the endpoint, zero signifies completed distance. The state is grounded, terminal,
fixed, and unique. In the philosophical interpretation of the S-Machine, that Terminus
is Ω.

G.5 Primal Halting

The relation to Turing’s halting result is developed in §5.2. Arbitrary computation
asks whether an unrestricted process will halt. Primal Halting instead defines a Tri-
adic class of admissible computation: A1 grounds the direction of each transition, A3
supplies well-founded finite descent, and A5 supplies the meta-logical ground for truth-
preserving semantic continuity. Halting is consequently built into a grounded and
semantically closed architecture as a proof-relevant invariant.
The Primal Halting program names this Triadic architecture of admissibility. A pro-
cess belongs to it by exhibiting grounding-directed transitions, well-founded descent,
and semantic closure. Within its public certificate, State, total successor, natural-
number rank, strict descent, fixedness at zero, and uniqueness of zero instantiate the
termination-and-uniqueness projection; every admitted trajectory therefore converges
finitely to the same unique fixed Terminus.

A primal halting program must exist because intelligible computa-
tion already presupposes a grounded, well-founded, and closed order
of admissible transition.

Gödel and Turing expose the boundary of derivation and computation from within
a bounded formal process. The inverse constitutive application asks what makes
such bounded derivation, correct termination, and intelligible computation possible.
The Triadic S-Machine answers with grounded direction, finite convergence, and
meta-logical closure at Ω; its public certificate kernel-verifies the termination-and-
uniqueness projection. §7.3 identifies the ontological force of that answer.
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G.6 Certification and Philosophical Force

The complete claim has three coordinated levels:

Level Established result

Kernel-certified Every machine satisfying the public contract reaches one
unique fixed zero-measure state in finitely many steps

Constitutive-arithmetic Lean Nat realizes rooted generation, well-founded
descent, and structure-preserving arithmetic closure

Constitutive-ontological Grounding, anti-regress, and meta-logical closure direct
intelligible contingent obtaining toward the unique
Terminus Ω

The philosophical argument establishes the Triad as the constitutive architecture of
grounding and intelligibility. Peano analysis identifies its local arithmetic realization.
The kernel supplies proof objects for finite convergence and uniqueness when the S-
Machine uses Nat to measure remaining distance. Together they express one directed
order: grounded succession, finite termination, semantic closure, and arrival at Ω.
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Appendix H : Epilogue
“A theory which is not refutable by any conceivable event is non-scientific.
Irrefutability is not a virtue of a theory (as people often think) but a vice.
Every genuine test of a theory is an attempt to falsify it, or refute it.” — Karl
Popper

Where Popper grounded science in falsifiability, I ground truth in modality.
Absolute truths — such as 1 + 1 = 2, or the necessary existence of a purely positive
Being — are not derived from observation or emergence. They exist necessarily and
universally.
Only modal logic allows us to formally express and analyze such necessity (□P). With-
out it, truth collapses — not merely into paradox or triviality, but into semantic disso-
lution itself.
If we are to build systems that not only compute, but truly understand, modality must
be their foundation.

Appendix I: Illustrative Cosmology
This appendix is intentionally non-load-bearing. It contains no empirical premises and
is not used in any derivation of Ω.
Some readers find it helpful to notice an analogy between (i) well-foundedness in
grounding chains and (ii) the way cosmological models motivate questions about be-
ginnings, limits, or explanation. That analogy is not evidential: cosmology can be finite
or infinite, temporally bounded or unbounded, without affecting the constitutive claim
of this paper.
Accordingly, no cosmological data, theory, or author is appealed to as support for
𝐴1/𝐴3/𝐴5 or for □∃!𝑥 Ω(𝑥). The grounding architecture stands or falls independently
of physics.
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Appendix J: Ω-Directed Computation and Contemporary Com-
plexity Research
J.1 Position of the Ω Programme

Contemporary P-versus-NP research contains several major programmes directed to-
ward lower bounds or class separation. The 2025 Clay workshop identifies circuit
lower bounds, meta-complexity, proof complexity, algebraic and geometric complexity,
and hardness of approximation as central parts of that landscape (Clay Mathematics
Institute 2025). The Ω-directed programme has a different target. It asks for a uni-
form constructive route from an encoded instance and current state to an exact global
solution.
That difference concerns the proposed outcome, not immunity from established com-
plexity theory. The public S-Machine certificate establishes finite convergence and
uniqueness for any abstract machine satisfying its stated contract. It does not sup-
ply the domain-specific embedding, measure, transition rule, complexity analysis, or
semantic theorem required for Max-3-SAT. In particular, finite termination is weaker
than polynomial-time termination: a finite descending trajectory can still contain ex-
ponentially many steps, and each step can itself require super-polynomial work.
The proposed computational claimwould begin only with a separately constructed fam-
ily𝐸𝐹,𝑚𝑒𝑎𝑠, 𝐽𝐹, and 𝑥0(𝐹)whose total operation is polynomial and whose reachable
zero-states are independently proved exact. This appendix positions that burden rela-
tive to established research rather than treating abstract descent as its discharge.

J.2 Circuit Lower Bounds

Circuit lower-bound research studies the size or depth required for circuits computing
explicit functions. A super-polynomial circuit lower bound for an appropriate explicit
language in NP would show that NP is not contained in 𝑃/𝑝𝑜𝑙𝑦 and therefore that
𝑃 ≠ 𝑁𝑃. The programme is principally obstructive: identify a hard function and
prove that no circuit family below the stated resource bound computes it.
The Ω target runs in the opposite constructive direction:

𝐹 ⟼ 𝐸𝐹(𝑥) ⟼ 𝑑𝐹
Ω(𝑥) ⟼ 𝐽𝐹(𝑥) ⟼ 𝑥𝑘.

Its successful endpoint would be an exact algorithm for every instance, not a proof
that efficient algorithms cannot exist. A uniform polynomial-time construction for ex-
act Max-3-SAT would establish 𝑃 = 𝑁𝑃. Circuit lower bounds and Ω-search are there-
fore compatible as investigations but target opposite resolutions of the open problem.
Nothing in the Ω architecture weakens known lower-bound results or supplies the
missing circuit construction.

J.3 Meta-Complexity

Meta-complexity studies the complexity of determining complexity properties of com-
putational objects. MCSP asks whether a Boolean function given by its truth table has
a circuit below a stated size. Related work studies time-bounded Kolmogorov mea-
sures that combine description length with computational resources (Allender 2020).
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These are relevant because 𝐸𝐹 and 𝑚𝑒𝑎𝑠 are themselves computational descriptions
of structure.
A mathematical definition of 𝑑𝐹

Ω(𝑥) does not imply an efficient evaluator. The mea-
sure could conceal the original optimization problem: computing it might require find-
ing an optimal assignment, deciding an NP-hard predicate, or reconstructing informa-
tion equivalent to the answer. In that case the method would relocate hardness from
Search to Measure.
Meta-complexity therefore supplies one of the strongest external tests of Ω-directed
computation. The construction must prove not only that a suitable measure exists,
but also that its representation, evaluation, comparison, and zero test lie within the
claimed polynomial bound. Oliveira’s survey of formalization, feasible proof, and in-
dependence questions in complexity theory reinforces the need to distinguish a math-
ematical statement, an efficiently constructible witness, and a proof whose resource
claims can themselves be formalized (Oliveira 2025).

J.4 Proof Complexity

Proof complexity studies the resources required by propositional proof systems and
connects lower bounds for hard tautologies with NP-versus-coNP questions (Cook and
Reckhow 1979). Its direct point of contact with Ω-directed computation is the Verify
stage:

Generate→ Embed→ Ground→Measure→ Jump→ Verify.

Suppose the trajectory contains only polynomially many states. This alone does not
bound total computation. A Jump may require a correctness certificate whose shortest
representation is super-polynomial, or a proof may be easy to check once supplied but
expensive to construct. Ground and Measure can incur analogous costs.
A valid complexity claim must therefore account for proof-object size, construction
time, checking time, and all intermediate representations. Verification cannot be
treated as a cost-free semantic label. The polynomial bound applies to the complete
transition, not merely to the number of transitions.

J.5 Algebraic and Geometric Complexity

Algebraic and geometric complexity seek structural invariants and obstructions capa-
ble of distinguishing easy from hard computation. Geometric Complexity Theory, for
example, recasts lower-bound questions using orbit structure, representation theory,
and explicit obstructions (Mulmuley and Sohoni 2001).
Ω-distance is also proposed as a structural quantity, but its required role is stronger
than classification. An invariant may correctly distinguish two classes after a state
has been presented without revealing how to move from that state to a solution. By
contrast, 𝑑𝐹

Ω must be algorithmically navigable: its efficiently available structure must
determine or support the computation of a next state with strictly smaller distance.
The relevant distinction is therefore structural obstruction versus constructive naviga-
tion. An Ω-measure becomes computationally decisive only when it provides efficiently
exploitable global direction rather than an after-the-fact description of progress.
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J.6 Hardness of Approximation

Hardness-of-approximation research identifies limits on efficiently attainable approx-
imation guarantees for NP-hard optimization problems. PCP-based results show that,
under standard complexity assumptions, even specified approximation ratios can be
hard to achieve (Arora et al. 1998).
The target in §8.4 is stronger than approximation. It requires:

𝑄𝐹(𝑥𝑘) = 𝑂𝑃𝑇(𝐹)

for the reachable Ω zero-state. An improved approximation ratio, even one beyond a
previously known algorithmic threshold, would not satisfy this condition. Conversely,
a proved uniform polynomial-time exact construction for Max-3-SAT would solve the
underlying NP-hard optimization problem and imply 𝑃 = 𝑁𝑃.
No present claim invalidates hardness-of-approximation results. They retain their
force under their stated assumptions unless and until the required exact Ω construc-
tion and its correctness and complexity proofs are supplied.

J.7 Fine-Grained and Exact Complexity

Fine-grained complexity of NP-complete problems and exact exponential algorithms
ask how far running times can be improved below naive brute force and whether par-
ticular exponential bounds are conditionally optimal under hypotheses such as ETH or
SETH (Nederlof 2026). Typical progress may replace 2𝑛 by 𝑐𝑛 for a smaller constant
𝑐, improve an exponent, or establish that such an improvement would contradict a
fine-grained hypothesis.
The Ω target is categorically stronger. It requires a polynomial bound on the trajectory
and on every operation used to construct and validate it. It is not a constant-factor
improvement in an exponential exponent. If achieved uniformly for exact Max-3-SAT,
it crosses the P/NP boundary.
Consequently, the analysis must count the encoded sizes of states, grounding represen-
tations, measures, proof objects, and arithmetic operations. A polynomial number of
abstract Jumps does not suffice when state growth, measure evaluation, or verification
is exponential in the original input size.

J.8 Ω-Descent and Polynomial Local Search

PLS is the closest established technical analogue to the Ω potential/descent architec-
ture. In the framework of Johnson, Papadimitriou, and Yannakakis, a local-search prob-
lem provides polynomial procedures for producing an initial solution, evaluating a cost,
and either finding an improving neighbor or certifying local optimality (Johnson, Pa-
padimitriou, and Yannakakis 1988). The shared pattern is substantial:
• a finite state or solution space;
• polynomially accessible local information;
• a potential or objective;
• an improving transition;
• termination when no improving transition remains.
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The differences are decisive. PLS asks for a local optimum. It does not generally
guarantee that the local optimum is global, nor does membership in PLS guarantee
that repeated improvement reaches a local optimum in polynomially many steps. An
improvement path may be finite yet exponentially long.
The Ω target requires all of the following simultaneously: a polynomially computable
embedding and measure, an efficiently computable Jump, a polynomial path bound,
polynomial zero recognition, and a proof that every reachable zero-state is the exact
global optimum. It must also exclude non-global local minima and plateaus that block
progress.
Thus Ω-search is not PLS with renamed vocabulary. Its unproved additional claim is
that local, efficiently computable direction carries enough global information to force
exact convergence. Establishing that property without encoding the optimum is the
central technical difficulty.

J.9 Known P-vs-NP Barriers

Three barrier results delimit broad families of techniques.
Relativization. Baker, Gill, and Solovay constructed oracles relative to which 𝑃 =
𝑁𝑃 and other oracles relative to which 𝑃 ≠ 𝑁𝑃 (Baker, Gill, and Solovay 1975). A
proof technique that relativizes uniformly cannot by itself resolve the unrelativized
separation question. The relation of an eventual Ω proof method to relativization re-
mains to be analyzed. If Ω supplied an explicit ordinary polynomial-time algorithm
for an NP-complete problem together with valid correctness and complexity proofs,
𝑃 = 𝑁𝑃 would follow directly; this observation is not a claim that the proof avoids
relativization.
Natural Proofs. Razborov and Rudich identify, under standard pseudorandomness
assumptions, a barrier to broad constructive and large combinatorial properties used
for general circuit lower bounds (Razborov and Rudich 1997). This is principally a
lower-bound barrier. It does not automatically apply to an explicit algorithmic con-
struction establishing 𝑃 = 𝑁𝑃, and no Natural-Proofs immunity is claimed for Ω.
Algebrization. Aaronson andWigderson extend the relativization perspective to tech-
niques that also use low-degree algebraic extensions, showing that many major ques-
tions require non-algebrizing methods (Aaronson and Wigderson 2009). Whether a
future Ω correctness or complexity proof algebrizes depends on its actual mathemati-
cal form and is presently unresolved.
These results neither refute the Ω research target nor certify it. Their proper status
is methodological: relativization and algebrization must be tested where applicable,
Natural Proofs must not be transferred mechanically from lower bounds to algorithm
construction, and no barrier-immunity claim is warranted without a formal analysis.

J.10 Computational Burden of an Ω Construction

For every encoded Max-3-SAT instance 𝐹, the programme must construct:

𝐸𝐹 ∶ 𝑋𝐹 → 𝐺, 𝑚𝑒𝑎𝑠 ∶ 𝐺 → 𝑀, 𝐽𝐹 ∶ 𝑋𝐹 → 𝑋𝐹, 𝑥0(𝐹) ∈ 𝑋𝐹.

A successful construction must prove all eight obligations:
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1. 𝐸𝐹, 𝑚𝑒𝑎𝑠, 𝐽𝐹, and 𝑥0(𝐹) are uniformly polynomial-time computable.
2. Every reachable non-terminal Jump strictly decreases 𝑑𝐹

Ω.
3. The number of Jumps is bounded by a polynomial in |𝐹|.
4. Comparison and zero recognition are polynomial-time computable.
5. Every reachable zero-state is semantically exact: 𝑄𝐹(𝑥) = 𝑂𝑃𝑇(𝐹).
6. No component assumes, encodes, queries, or reconstructs prior access to

𝑂𝑃𝑇(𝐹), an optimal assignment, an NP oracle, or an equivalent solution
procedure.

7. The total cost of Embed, Ground, Measure, Jump, and Verify, including state and
proof-object sizes, remains polynomial.

8. Semantic correctness and the complexity bounds are proved from independently
specified structure rather than assumed in the definitions.

Obligations 5 and 6 form the central conjunction. A measure such as “distance to a
known optimal assignment” can bemathematically coherent while computationally cir-
cular: obtaining the reference optimum already solves the problem. Likewise, defining
zero to mean “globally optimal” does not provide an efficient zero test or a transition
leading there.
The No-Hidden-Optimum Condition therefore requires the complete map

(𝐹, 𝑥) ⟼ 𝐸𝐹(𝑥) ⟼ 𝑚𝑒𝑎𝑠(𝐸𝐹(𝑥)) ⟼ 𝐽𝐹(𝑥)

to operate from the instance and current state alone within the declared resource
bound. The construction must expose global direction without importing the global
answer.

J.11 Comparative Synthesis

The five principal comparison programmes primarily investigate lower bounds, struc-
tural obstructions, proof resources, meta-computational difficulty, or approximation
limits. Fine-grained complexity studies the exact quantitative frontier below brute
force. PLS supplies the nearest local potential-search architecture.
Ω-directed computation occupies a distinct proposed position: constructive exact
global navigation. Its abstract certificate contributes one component, namely finite
convergence and endpoint uniqueness for machines satisfying the contract. The
unresolved scientific work is the domain-specific construction that makes the abstract
roles efficiently computable and proves their zero-state globally exact.
Accordingly, the current result is conditional and sharply bounded. No polynomial Ω
algorithm for Max-3-SAT is presently established. No known P-versus-NP barrier is
claimed to be overcome. Only a uniform construction satisfying all eight obligations,
together with valid correctness and total-complexity proofs, would establish 𝑃 = 𝑁𝑃.
The programme is therefore concentrated in one question:

Can efficiently computable local grounding information provide glob-
ally correct direction without already containing the solution?
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